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Physics and Machine Learning
▷ Machine learning for physics

o Since the very beginning …
• Fitting models to experimental data
• Data denoising 

– e.g. linear regression 

o Recent deep learning “revolution” 
- Many sophisticated application 
(main topic of this school)

▷ Statistical physics for machine learning 
o In the 80s

• Use the statistical physics toolbox 
o to study toy models of learning (mainly)
o to design new learning algorithms

o Since mid 2010s: New wave of interest
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Understanding the successes of learning 2

Data 

Model
architecture

Algorithm
training objective,

optimization method 



Some puzzles of modern machine learning

▷ Efficient optimization in non-convex settings

▷ Generalization in the « over-parametrized » regime
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Szegedy et al, CVPR 2015

Google le Net – inputs 112 ✕ 122 pixels – ~7 millions parameters
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« classical regime » 
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Belkin et al PNAS (2019), Spigler et al J-Phys A (2019) 

Loss landscape

param 1param 2

overfitting

x
<latexit sha1_base64="exxYgxrhS318iJ8fdLa/OsKUfdY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhpAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpe5flSv2qVL3I4sjDCZzCOXhwDVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+DpjOo=</latexit>

y(x, ✓)
<latexit sha1_base64="OUY30EVKbjelDE6J8QqWDJVfu+M=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQIYTdKOgx4MVjBBMD2SXMTmaTIbMPZnrFJeQ3vHhQxKs/482/cZLsQRMLGoqqbrq7/EQKjbb9bRXW1jc2t4rbpZ3dvf2D8uFRR8epYrzNYhmrrk81lyLibRQoeTdRnIa+5A/++GbmPzxypUUc3WOWcC+kw0gEglE0kptVn2rExRFHet4vV+y6PQdZJU5OKpCj1S9/uYOYpSGPkEmqdc+xE/QmVKFgkk9Lbqp5QtmYDnnP0IiGXHuT+c1TcmaUAQliZSpCMld/T0xoqHUW+qYzpDjSy95M/M/rpRhcexMRJSnyiC0WBakkGJNZAGQgFGcoM0MoU8LcStiIKsrQxFQyITjLL6+STqPuXNQbd5eVZi2PowgncApVcOAKmnALLWgDgwSe4RXerNR6sd6tj0VrwcpnjuEPrM8f52uQ4A==</latexit>good fit

x
<latexit sha1_base64="exxYgxrhS318iJ8fdLa/OsKUfdY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhpAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpe5flSv2qVL3I4sjDCZzCOXhwDVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+DpjOo=</latexit>

y(x, ✓)
<latexit sha1_base64="OUY30EVKbjelDE6J8QqWDJVfu+M=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQIYTdKOgx4MVjBBMD2SXMTmaTIbMPZnrFJeQ3vHhQxKs/482/cZLsQRMLGoqqbrq7/EQKjbb9bRXW1jc2t4rbpZ3dvf2D8uFRR8epYrzNYhmrrk81lyLibRQoeTdRnIa+5A/++GbmPzxypUUc3WOWcC+kw0gEglE0kptVn2rExRFHet4vV+y6PQdZJU5OKpCj1S9/uYOYpSGPkEmqdc +xE/QmVKFgkk9Lbqp5QtmYDnnP0IiGXHuT+c1TcmaUAQliZSpCMld/T0xoqHUW+qYzpDjSy95M/M/rpRhcexMRJSnyiC0WBakkGJNZAGQgFGcoM0MoU8LcStiIKsrQxFQyITjLL6+STqPuXNQbd5eVZi2PowgncApVcOAKmnALLWgDgwSe4RXerNR6sd6tj0VrwcpnjuEPrM8f52uQ4A==</latexit>
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Data 
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training objective,

optimization method 



Study simple ‘solvable’ models: 
the startegy of physicists (but not only!)
▷ Example: The perceptron – one neuron model

▷ First possible question: What is its capacity? How many data points can it fits?
o Training data: in general position 

(« linearly independent »)

o Probability random labelling 
is linearly separable
(Cover 1965)

o As a function of

5

<latexit sha1_base64="Qi2P7H2nAdY/TYRuvhQ8veBTzcw=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5idTJIhM7vLTK+wLMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KYikMuu63U9jY3NreKe6W9vYPDo/KxyctEyWa8SaLZKQ7ATVcipA3UaDknVhzqgLJ28Hkfua3n7g2IgofMY25r+goFEPBKFqpkfbLFbfqzkHWiZeTCuSo98s/vUHEEsVDZJIa0/XcGP2MahRM8mmplxgeUzahI961NKSKGz+bHzolF1YZkGGkbYVI5urfiYwqY1IV2E5FcWxWvZn4n9dNcHjnZyKME+QhWywaJpJgRGZfk4HQnKFMLaFMC3srYWOqKUObzdIWpgItRmOc2mS81RzWSeuq6t1UvcZ1pebmGRXhDM7hEjy4hRo8QB2awIDDC7zCm/PsvDsfzueiteDkM6ewBOfrF+cqliw=</latexit>y
x1

x2

y = +1

y = �1

linearly separable

<latexit sha1_base64="BBk7bpSG8u/C+tAek1+maLsfjSQ=">AAAB/XicdVDLSsNAFJ3UV62vqks3g0VwFSYxtHVXcOOyBdsKbSiT6aQdOpOEmYlSQvED3OonuBO3fotf4G84aStY0QMXDufcy733BAlnSiP0YRXW1jc2t4rbpZ3dvf2D8uFRR8WpJLRNYh7L2wAryllE25ppTm8TSbEIOO0Gk6vc795RqVgc3ehpQn2BRxELGcHaSK37QbmC7Mt61fWqENkI1RzXyYlb8y486BglRwUs0RyUP/vDmKSCRppwrFTPQYn2Myw1I5zOSv1U0QSTCR7RnqERFlT52fzQGTwzyhCGsTQVaThXf05kWCg1FYHpFFiP1W8vF//yeqkO637GoiTVNCKLRWHKoY5h/jUcMkmJ5lNDMJHM3ArJGEtMtMlmZQsRgWSjsZ6ZZL7fh/+Tjms7VdtreZUGWmZUBCfgFJwDB9RAA1yDJmgDAih4BE/g2XqwXqxX623RWrCWM8dgBdb7F0p2lm8=</latexit>w

<latexit sha1_base64="b6Ij8EhS4RjfOQ0L5y18ubUztsI="></latexit>

y = sign(w>x) <latexit sha1_base64="BBk7bpSG8u/C+tAek1+maLsfjSQ=">AAAB/XicdVDLSsNAFJ3UV62vqks3g0VwFSYxtHVXcOOyBdsKbSiT6aQdOpOEmYlSQvED3OonuBO3fotf4G84aStY0QMXDufcy733BAlnSiP0YRXW1jc2t4rbpZ3dvf2D8uFRR8WpJLRNYh7L2wAryllE25ppTm8TSbEIOO0Gk6vc795RqVgc3ehpQn2BRxELGcHaSK37QbmC7Mt61fWqENkI1RzXyYlb8y486BglRwUs0RyUP/vDmKSCRppwrFTPQYn2Myw1I5zOSv1U0QSTCR7RnqERFlT52fzQGTwzyhCGsTQVaThXf05kWCg1FYHpFFiP1W8vF//yeqkO637GoiTVNCKLRWHKoY5h/jUcMkmJ5lNDMJHM3ArJGEtMtMlmZQsRgWSjsZ6ZZL7fh/+Tjms7VdtreZUGWmZUBCfgFJwDB9RAA1yDJmgDAih4BE/g2XqwXqxX623RWrCWM8dgBdb7F0p2lm8=</latexit>w

Cover, T. M. (1965). Geometrical and Statistical Properties of Systems of Linear Inequalities with Applications in Pattern

<latexit sha1_base64="EquCYMtfcJuELFLuj+PxBg7pqM8=">AAACEXicbVDLSsNAFJ3UV62vaJdugkWom5JIUTdCwY0rqWAf0KRhMp20QyaTMDMRQ8hX+AFu9RPciVu/wC/wN5y2WdjWAxcO59zLuRwvpkRI0/zWSmvrG5tb5e3Kzu7e/oF+eNQVUcIR7qCIRrzvQYEpYbgjiaS4H3MMQ4/inhfcTP3eI+aCROxBpjF2QjhmxCcISiW5etXOnoZZPTjL7dzNgmsrH965es1smDMYq8QqSA0UaLv6jz2KUBJiJhGFQgwsM5ZOBrkkiOK8YicCxxAFcIwHijIYYuFks+dz41QpI8OPuBomjZn69yKDoRBp6KnNEMqJWPam4n/eIJH+lZMRFicSMzQP8hNqyMiYNmGMCMdI0lQRiDhRvxpoAjlEUvW1kIJCj5PxROaqGWu5h1XSPW9YF43mfbPWMouOyuAYnIA6sMAlaIFb0AYdgEAKXsAreNOetXftQ/ucr5a04qYKFqB9/QLQ3J2x</latexit>

{x (k)}Nk=1

<latexit sha1_base64="xNXhD8PTL4TIQr6cMMhTyT8o06k=">AAACEXicbVDLSsNAFJ3UV62vaJdugkWom5JIUTdCwY0rqWBroUnDZDpph85MwsxECCFf4Qe41U9wJ279Ar/A33DaZmFbD1w4nHMv53KCmBKpbPvbKK2tb2xulbcrO7t7+wfm4VFXRolAuIMiGoleACWmhOOOIoriXiwwZAHFj8HkZuo/PmEhScQfVBpjj8ERJyFBUGnJN6tulg6y+uQsd3M/m1w7+eDON2t2w57BWiVOQWqgQNs3f9xhhBKGuUIUStl37Fh5GRSKIIrziptIHEM0gSPc15RDhqWXzZ7PrVOtDK0wEnq4smbq34sMMilTFuhNBtVYLntT8T+vn6jwyssIjxOFOZoHhQm1VGRNm7CGRGCkaKoJRILoXy00hgIipftaSEEsEGQ0VrluxlnuYZV0zxvORaN536y17KKjMjgGJ6AOHHAJWuAWtEEHIJCCF/AK3oxn4934MD7nqyWjuKmCBRhfv9KFnbI=</latexit>

{y (k)}Nk=1

<latexit sha1_base64="b6L4w+JxbG8DI02zHwvHKkmtDeA="></latexit>

↵ =
# training points

# parameters
=
N

D

<latexit sha1_base64="4qD0VKzh9farf90ekk2eagSWy60=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqiRS1GVBFy6r2Ac0scxMJ+3QySTMTKQl9Cf8ALf6Ce7ErX/gF/gbTtosbOuBC4dz7uUeDo45U9pxvq3C2vrG5lZxu7Szu7d/YB+WWypKJKFNEvFIdjBSlDNBm5ppTjuxpCjEnLbx6Drz209UKhaJBz2JqR+igWABI0gbqWeXx9BjAnoh0kOM0/vp403PrjhVZwa4StycVECORs/+8foRSUIqNOFIqa7rxNpPkdSMcDoteYmiMSIjNKBdQwUKqfLTWfYpPDVKHwaRNCM0nKl/L1IUKjUJsdnMMqplLxP/87qJDq78lIk40VSQ+aMg4VBHMCsC9pmkRPOJIYhIZrJCMkQSEW3qWvhCQizZYKinphl3uYdV0jqvuhfV2l2tUnfyjorgGJyAM+CCS1AHt6ABmoCAMXgBr+DNerberQ/rc75asPKbI7AA6+sX5bidMg==</latexit>

x 2 RD

<latexit sha1_base64="zkvlwDKoOAa4bwHQ6/lyzqBn0I0="></latexit>

↵ =
N

D
phase transition! ↵c = 2

<latexit sha1_base64="XEgL/Z+DCfqGoUm5A+9lKjeM1Z8=">AAAB83icdVDLSsNAFJ34rPVVdelmsAiuQpKGti6EghuXFewDmlAm00k7dDIZZiZCCf0NNy4UcevPuPNvnLQVVPTAhcM593LvPZFgVGnH+bDW1jc2t7ZLO+Xdvf2Dw8rRcVelmcSkg1OWyn6EFGGUk46mmpG+kAQlESO9aHpd+L17IhVN+Z2eCRImaMxpTDHSRgoCxMQEDTG8gt6wUnXsy2bd8+vQsR2n4XpuQbyGX/Oha5QCVbBCe1h5D0YpzhLCNWZIqYHrCB3mSGqKGZmXg0wRgfAUjcnAUI4SosJ8cfMcnhtlBONUmuIaLtTvEzlKlJolkelMkJ6o314h/uUNMh03w5xykWnC8XJRnDGoU1gEAEdUEqzZzBCEJTW3QjxBEmFtYiqbEL4+hf+Trme7Ndu79astbxVHCZyCM3ABXNAALXAD2qADMBDgATyBZyuzHq0X63XZumatZk7AD1hvnwftkPs=</latexit>



▷ Volume of weight parameter space satisfying the labelling

▷ Why is this hard?

<latexit sha1_base64="g48fgxg4r7MQQL7JYPpUO6QlpbU="></latexit>

VD,N / lim
�!+1

Z

⌦(w)
dw e��

PN
k=1(y(x (k),w)�y (k))

2

Perceptron’s capacity reloaded: 
Statistical physics computation

6

training data
<latexit sha1_base64="rBRoENkxoMuqmjyaWun2tN/QPPc="></latexit>

D = {y (k), x (k)}Nk=1

Gardner, E. (1987). Maximum Storage Capacity in Neural Networks
Krauth, W., & Mézard, M. (1989). Storage capacity of memory networks with binary couplings

<latexit sha1_base64="Qi2P7H2nAdY/TYRuvhQ8veBTzcw=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5idTJIhM7vLTK+wLMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KYikMuu63U9jY3NreKe6W9vYPDo/KxyctEyWa8SaLZKQ7ATVcipA3UaDknVhzqgLJ28Hkfua3n7g2IgofMY25r+goFEPBKFqpkfbLFbfqzkHWiZeTCuSo98s/vUHEEsVDZJIa0/XcGP2MahRM8mmplxgeUzahI961NKSKGz+bHzolF1YZkGGkbYVI5urfiYwqY1IV2E5FcWxWvZn4n9dNcHjnZyKME+QhWywaJpJgRGZfk4HQnKFMLaFMC3srYWOqKUObzdIWpgItRmOc2mS81RzWSeuq6t1UvcZ1pebmGRXhDM7hEjy4hRo8QB2awIDDC7zCm/PsvDsfzueiteDkM6ewBOfrF+cqliw=</latexit>y<latexit sha1_base64="BBk7bpSG8u/C+tAek1+maLsfjSQ=">AAAB/XicdVDLSsNAFJ3UV62vqks3g0VwFSYxtHVXcOOyBdsKbSiT6aQdOpOEmYlSQvED3OonuBO3fotf4G84aStY0QMXDufcy733BAlnSiP0YRXW1jc2t4rbpZ3dvf2D8uFRR8WpJLRNYh7L2wAryllE25ppTm8TSbEIOO0Gk6vc795RqVgc3ehpQn2BRxELGcHaSK37QbmC7Mt61fWqENkI1RzXyYlb8y486BglRwUs0RyUP/vDmKSCRppwrFTPQYn2Myw1I5zOSv1U0QSTCR7RnqERFlT52fzQGTwzyhCGsTQVaThXf05kWCg1FYHpFFiP1W8vF//yeqkO637GoiTVNCKLRWHKoY5h/jUcMkmJ5lNDMJHM3ArJGEtMtMlmZQsRgWSjsZ6ZZL7fh/+Tjms7VdtreZUGWmZUBCfgFJwDB9RAA1yDJmgDAih4BE/g2XqwXqxX623RWrCWM8dgBdb7F0p2lm8=</latexit>w

<latexit sha1_base64="b6Ij8EhS4RjfOQ0L5y18ubUztsI="></latexit>

y = sign(w>x)
<latexit sha1_base64="4qD0VKzh9farf90ekk2eagSWy60=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqiRS1GVBFy6r2Ac0scxMJ+3QySTMTKQl9Cf8ALf6Ce7ErX/gF/gbTtosbOuBC4dz7uUeDo45U9pxvq3C2vrG5lZxu7Szu7d/YB+WWypKJKFNEvFIdjBSlDNBm5ppTjuxpCjEnLbx6Drz209UKhaJBz2JqR+igWABI0gbqWeXx9BjAnoh0kOM0/vp403PrjhVZwa4StycVECORs/+8foRSUIqNOFIqa7rxNpPkdSMcDoteYmiMSIjNKBdQwUKqfLTWfYpPDVKHwaRNCM0nKl/L1IUKjUJsdnMMqplLxP/87qJDq78lIk40VSQ+aMg4VBHMCsC9pmkRPOJIYhIZrJCMkQSEW3qWvhCQizZYKinphl3uYdV0jqvuhfV2l2tUnfyjorgGJyAM+CCS1AHt6ABmoCAMXgBr+DNerberQ/rc75asPKbI7AA6+sX5bidMg==</latexit>

x 2 RD

> 0
<latexit sha1_base64="UJg0Yvq6+SSX5CCgU35DwY98Oxk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKDzfE7ZcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVb2Lau3+slKv5XEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdOhI0a</latexit>

at least one solution!each new data point 
= constraint/interaction for the weights 

<latexit sha1_base64="SK1R/w6CQmkLdqCRi1K4dkFDo6A="></latexit>

VD,N / lim
�!+1

Z

⌦(w)
dw e��E(w,{x

(k),y (k)})

<latexit sha1_base64="SX1fiJBWqgcnx1sok1H9X4X4aGY="></latexit>

VD,N =

Z

⌦(w)
dw

NY

k=1

�(y(x (k);w)� y (k))

effective energy function

high-dimensional + depends on training set
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▷ Two types of random variables
o state of the system

spins

o disordered interactions
couplings

▷ Boltzmann weight:

o ex: spin glass

▷ Asymptotic computations
+ concentration on typical states

▷ Application to learning since(80s-90s)  

<latexit sha1_base64="vRIPVUN/BG1y97aACdTz1uX6vu4=">AAACA3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6rLgxmUF+4A2lMlkkg6dmYSZG6GELv0At/oJ7sStH+IX+BtO2yxs64ELh3Pu5d57glRwA6777ZQ2Nre2d8q7lb39g8Oj6vFJxySZpqxNE5HoXkAME1yxNnAQrJdqRmQgWDcY38387hPThifqESYp8yWJFY84JWClbogHcYy9YbXm1t058DrxClJDBVrD6s8gTGgmmQIqiDF9z03Bz4kGTgWbVgaZYSmhYxKzvqWKSGb8fH7uFF9YJcRRom0pwHP170ROpDETGdhOSWBkVr2Z+J/XzyC69XOu0gyYootFUSYwJHj2Ow65ZhTExBJCNbe3YjoimlCwCS1toTLQPB7B1CbjreawTjqNundd9x6uas1GkVEZnaFzdIk8dIOa6B61UBtRNEYv6BW9Oc/Ou/PhfC5aS04xc4qW4Hz9AjuVl/A=</latexit>

d � 1

« learning parameters »

« data 
= constraint on parameters to learn »

<latexit sha1_base64="EpFpuKtto6USsGFRoU4W55yUs9Q="></latexit>

{xi , yi}Ni=1

normalisation:

Replica computation, variational mean-field methods, high-temperature expansion ...
Physics: Edwards & Anderson  (1975), Thouless Anderson Palmer (1977)  Mézard, Parisi, Virasoro (1986), etc ...
Mathematics: Talagrand (2006), Panchenko (2014), Subag (2017)  etc ...

Amit, Gutfreund & Sompolinsky (1985), Gardner  (1987), Derrida & 
Nadal (1987),  Peterson & Anderson (1987), Krauth & Mézard
(1987), Györgyi (1990). Opper, M Haussler, D. (1991) etc ...

Disordered systems physics and applications to 
learning

<latexit sha1_base64="xbtHUQKHdebyUdex2+7AQr4tnkI=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqiSlqMuCG3EhVWwtNLFMppN26MwkzEzEEvoTfoBb/QR34tY/8Av8DSdtFrb1wIXDOfdyDyeIGVXacb6twsrq2vpGcbO0tb2zu2fvl9sqSiQmLRyxSHYCpAijgrQ01Yx0YkkQDxi5D0YXmX//SKSikbjT45j4HA0EDSlG2kg9u3wFPSqgx5EeBkF6O3m47tkVp+pMAZeJm5MKyNHs2T9eP8IJJ0JjhpTquk6s/RRJTTEjk5KXKBIjPEID0jVUIE6Un06zT+CxUfowjKQZoeFU/XuRIq7UmAdmM8uoFr1M/M/rJjo891Mq4kQTgWePwoRBHcGsCNinkmDNxoYgLKnJCvEQSYS1qWvuC+aBpIOhnphm3MUelkm7VnVPq/WbeqVRyzsqgkNwBE6AC85AA1yCJmgBDJ7AC3gFb9az9W59WJ+z1YKV3xyAOVhfv6nAnRA=</latexit>

J 2 RN

<latexit sha1_base64="azYmN8PU2CbettTw2gYzN3CuYKI=">AAACEHicbVDLSsNAFJ34rPUV69LNYBFclaQUdVlw47KKfUAby2QyaYfOTMLMRCwhP+EHuNVPcCdu/QO/wN9w0mZhWw9cOJxzL/dw/JhRpR3n21pb39jc2i7tlHf39g8O7aNKR0WJxKSNIxbJno8UYVSQtqaakV4sCeI+I11/cp373UciFY3EvZ7GxONoJGhIMdJGGtoVBQdUwAFHeuz76V32EAztqlNzZoCrxC1IFRRoDe2fQRDhhBOhMUNK9V0n1l6KpKaYkaw8SBSJEZ6gEekbKhAnyktn2TN4ZpQAhpE0IzScqX8vUsSVmnLfbOYZ1bKXi/95/USHV15KRZxoIvD8UZgwqCOYFwEDKgnWbGoIwpKarBCPkURYm7oWvmDuSzoa68w04y73sEo69Zp7UWvcNqrNetFRCZyAU3AOXHAJmuAGtEAbYPAEXsAreLOerXfrw/qcr65Zxc0xWID19QsRL51P</latexit>

s 2 Rd

<latexit sha1_base64="bDhi414ZlvWFtSAuZOSESAen2Uw="></latexit>

⇢(s|J) = e�E(s;J)/ZJ
<latexit sha1_base64="TPgZHIR7cdQgGNhWG8X8LcF7VLI="></latexit>

E(s; J) = �
X

(i ,j)

Ji jsisj

<latexit sha1_base64="oyhiKJXog6NX4vfBKqn3Rms2/0s="></latexit>

ZJ =
Z

Rd
ds e�E(s;J)

<latexit sha1_base64="0VNYnB8f/9UHKdCzJfJtTE2mB+s="></latexit>

lim
d!1

EJ [
1

d
logZJ ] ⇡

1

d
logZJ

disorder average

<latexit sha1_base64="k5DK/jfjQbO9VS3/wzBLMb86sw0="></latexit>

Ji j ⇠ N (Ji j ; 0, 1/
p
N)

disordered couplings

Sherrington - Kirkpatrick
(1975)



Perceptron’s capacity reloaded: 
Statistical physics computation

▷ Volume of weight parameter space satisfying the labelling

▷ Asymptotic computation using the replica method: 

o Fix scaling

o Fix distribution of data/disorder

Gaussian inputs

Binary inputs  ,  binary weights

8

Cover, T. M. (1965). Geometrical and Statistical Properties of Systems of Linear Inequalities with Applications in Pattern 
Gardner, E. (1987). Maximum Storage Capacity in Neural Networks
Krauth, W., & Mézard, M. (1989). Storage capacity of memory networks with binary couplings

<latexit sha1_base64="Qi2P7H2nAdY/TYRuvhQ8veBTzcw=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5idTJIhM7vLTK+wLMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KYikMuu63U9jY3NreKe6W9vYPDo/KxyctEyWa8SaLZKQ7ATVcipA3UaDknVhzqgLJ28Hkfua3n7g2IgofMY25r+goFEPBKFqpkfbLFbfqzkHWiZeTCuSo98s/vUHEEsVDZJIa0/XcGP2MahRM8mmplxgeUzahI961NKSKGz+bHzolF1YZkGGkbYVI5urfiYwqY1IV2E5FcWxWvZn4n9dNcHjnZyKME+QhWywaJpJgRGZfk4HQnKFMLaFMC3srYWOqKUObzdIWpgItRmOc2mS81RzWSeuq6t1UvcZ1pebmGRXhDM7hEjy4hRo8QB2awIDDC7zCm/PsvDsfzueiteDkM6ewBOfrF+cqliw=</latexit>y<latexit sha1_base64="BBk7bpSG8u/C+tAek1+maLsfjSQ=">AAAB/XicdVDLSsNAFJ3UV62vqks3g0VwFSYxtHVXcOOyBdsKbSiT6aQdOpOEmYlSQvED3OonuBO3fotf4G84aStY0QMXDufcy733BAlnSiP0YRXW1jc2t4rbpZ3dvf2D8uFRR8WpJLRNYh7L2wAryllE25ppTm8TSbEIOO0Gk6vc795RqVgc3ehpQn2BRxELGcHaSK37QbmC7Mt61fWqENkI1RzXyYlb8y486BglRwUs0RyUP/vDmKSCRppwrFTPQYn2Myw1I5zOSv1U0QSTCR7RnqERFlT52fzQGTwzyhCGsTQVaThXf05kWCg1FYHpFFiP1W8vF//yeqkO637GoiTVNCKLRWHKoY5h/jUcMkmJ5lNDMJHM3ArJGEtMtMlmZQsRgWSjsZ6ZZL7fh/+Tjms7VdtreZUGWmZUBCfgFJwDB9RAA1yDJmgDAih4BE/g2XqwXqxX623RWrCWM8dgBdb7F0p2lm8=</latexit>w

<latexit sha1_base64="b6Ij8EhS4RjfOQ0L5y18ubUztsI="></latexit>

y = sign(w>x)

<latexit sha1_base64="SK1R/w6CQmkLdqCRi1K4dkFDo6A="></latexit>

VD,N / lim
�!+1

Z

⌦(w)
dw e��E(w,{x

(k),y (k)}) disorder variables?

<latexit sha1_base64="Wdmjz5hwuF6/BJiNArZHzPaB974="></latexit>

p(x (k)i ) = N (xi ; 0, 1)

<latexit sha1_base64="NT1DeqHSyo1oabs4J0Y4q0/58T0="></latexit>

V (↵) = lim
N!+1

Ex,y [VD,M ]
<latexit sha1_base64="b6L4w+JxbG8DI02zHwvHKkmtDeA="></latexit>

↵ =
# training points

# parameters
=
N

D

<latexit sha1_base64="vxVgf6Ks2q3et3wTb7mIXcspOM8=">AAACEHicbVDLSsNAFJ34rPUV69LNYBHaTUmkqMuCG5cV7APaGCbTSTt0JhlmJtIS8hN+gFv9BHfi1j/wC/wNp20WtvXAhcM593IuJxCMKu0439bG5tb2zm5hr7h/cHh0bJ+U2ipOJCYtHLNYdgOkCKMRaWmqGekKSRAPGOkE49uZ33kiUtE4etBTQTyOhhENKUbaSL5dEpXJY1oZVzOfVmFfcOj6dtmpOXPAdeLmpAxyNH37pz+IccJJpDFDSvVcR2gvRVJTzEhW7CeKCITHaEh6hkaIE+Wl898zeGGUAQxjaSbScK7+vUgRV2rKA7PJkR6pVW8m/uf1Eh3eeCmNRKJJhBdBYcKgjuGsCDigkmDNpoYgLKn5FeIRkghrU9dSCuaBpMORzkwz7moP66R9WXOvavX7ernh5B0VwBk4BxXggmvQAHegCVoAgwl4Aa/gzXq23q0P63OxumHlN6dgCdbXL3aonE4=</latexit>

p(x (k)i )± 1
<latexit sha1_base64="hon+DwbLl7Cy1DZ85hhmAe2y0ds=">AAACD3icbVDLSsNAFJ34rPWV6tLNYBFcaEmkqMuCG5cV7AOaECbTSTt0ZhJmJpYS+hF+gFv9BHfi1k/wC/wNJ20WtvXAhcM593IuJ0wYVdpxvq219Y3Nre3STnl3b//g0K4ctVWcSkxaOGax7IZIEUYFaWmqGekmkiAeMtIJR3e533kiUtFYPOpJQnyOBoJGFCNtpMCujAMKPSqgl126F9D1poFddWrODHCVuAWpggLNwP7x+jFOOREaM6RUz3US7WdIaooZmZa9VJEE4REakJ6hAnGi/Gz2+hSeGaUPo1iaERrO1L8XGeJKTXhoNjnSQ7Xs5eJ/Xi/V0a2fUZGkmgg8D4pSBnUM8x5gn0qCNZsYgrCk5leIh0girE1bCymYh5IOhjpvxl3uYZW0r2ruda3+UK82nKKjEjgBp+AcuOAGNMA9aIIWwGAMXsAreLOerXfrw/qcr65Zxc0xWID19Qt9k5vE</latexit>

wi 2 {�1, 1}

<latexit sha1_base64="yh3eyDKeNX+F6jaENScjwmo8Q6U=">AAACCHicdVDLSsNAFJ3UV62vqks3g0VwFZIY2roQCm5cVrAPaEKZTCfN0EkyzEyEEvoDfoBb/QR34ta/8Av8DSdtBSt64MLhnHu5956AMyqVZX0YpbX1jc2t8nZlZ3dv/6B6eNSVaSYw6eCUpaIfIEkYTUhHUcVInwuC4oCRXjC5LvzePRGSpsmdmnLix2ic0JBipLTkeYjxCA0xvILOsFqzzMtm3XHr0DItq2E7dkGchnvhQlsrBWpgifaw+umNUpzFJFGYISkHtsWVnyOhKGZkVvEySTjCEzQmA00TFBPp5/ObZ/BMKyMYpkJXouBc/TmRo1jKaRzozhipSP72CvEvb5CpsOnnNOGZIgleLAozBlUKiwDgiAqCFZtqgrCg+laIIyQQVjqmlS04DgQdR2qmk/l+H/5Puo5p10331q21nGVGZXACTsE5sEEDtMANaIMOwICDR/AEno0H48V4Nd4WrSVjOXMMVmC8fwFZH5o7</latexit>

↵c = 2

<latexit sha1_base64="Kl770otkeva3YohPGeCtu6Wbayo="></latexit>

↵c ⇡ 0.83

<latexit sha1_base64="xWJrgd6oiUNt1S/uK6h6qU1JsZk=">AAACDXicdVDLSsNAFJ3UV62PRl26GSxC3YQkhrYuhIIblxVsK7QhTKaTZujkwcxEKKHf4Ae41U9wJ279Br/A33DSVrCiBy4czrmXe+/xU0aFNM0PrbS2vrG5Vd6u7Ozu7Vf1g8OeSDKOSRcnLOF3PhKE0Zh0JZWM3KWcoMhnpO9Prgq/f0+4oEl8K6cpcSM0jmlAMZJK8vRqrz5ELA2Rh8/gJTQ9vWYaF62G7TSgaZhm07KtgthN59yBllIK1MASHU//HI4SnEUklpghIQaWmUo3R1xSzMisMswESRGeoDEZKBqjiAg3nx8+g6dKGcEg4apiCefqz4kcRUJMI191RkiG4rdXiH95g0wGLTencZpJEuPFoiBjUCawSAGOKCdYsqkiCHOqboU4RBxhqbJa2YIjn9NxKGcqme/34f+kZxtWw3BunFrbXmZUBsfgBNSBBZqgDa5BB3QBBhl4BE/gWXvQXrRX7W3RWtKWM0dgBdr7F1TRmy8=</latexit>

V (↵c) = 0

<latexit sha1_base64="4qD0VKzh9farf90ekk2eagSWy60=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqiRS1GVBFy6r2Ac0scxMJ+3QySTMTKQl9Cf8ALf6Ce7ErX/gF/gbTtosbOuBC4dz7uUeDo45U9pxvq3C2vrG5lZxu7Szu7d/YB+WWypKJKFNEvFIdjBSlDNBm5ppTjuxpCjEnLbx6Drz209UKhaJBz2JqR+igWABI0gbqWeXx9BjAnoh0kOM0/vp403PrjhVZwa4StycVECORs/+8foRSUIqNOFIqa7rxNpPkdSMcDoteYmiMSIjNKBdQwUKqfLTWfYpPDVKHwaRNCM0nKl/L1IUKjUJsdnMMqplLxP/87qJDq78lIk40VSQ+aMg4VBHMCsC9pmkRPOJIYhIZrJCMkQSEW3qWvhCQizZYKinphl3uYdV0jqvuhfV2l2tUnfyjorgGJyAM+CCS1AHt6ABmoCAMXgBr+DNerberQ/rc75asPKbI7AA6+sX5bidMg==</latexit>

x 2 RD



Introduction recap
▷ Take into account 3 elements to understand

the successes of deep learning

9

Data 
Model

Algorithm

▷ Statistical mechanics of learning focuses on 
simple solvable models

<latexit sha1_base64="Qi2P7H2nAdY/TYRuvhQ8veBTzcw=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5idTJIhM7vLTK+wLMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KYikMuu63U9jY3NreKe6W9vYPDo/KxyctEyWa8SaLZKQ7ATVcipA3UaDknVhzqgLJ28Hkfua3n7g2IgofMY25r+goFEPBKFqpkfbLFbfqzkHWiZeTCuSo98s/vUHEEsVDZJIa0/XcGP2MahRM8mmplxgeUzahI961NKSKGz+bHzolF1YZkGGkbYVI5urfiYwqY1IV2E5FcWxWvZn4n9dNcHjnZyKME+QhWywaJpJgRGZfk4HQnKFMLaFMC3srYWOqKUObzdIWpgItRmOc2mS81RzWSeuq6t1UvcZ1pebmGRXhDM7hEjy4hRo8QB2awIDDC7zCm/PsvDsfzueiteDkM6ewBOfrF+cqliw=</latexit>y<latexit sha1_base64="BBk7bpSG8u/C+tAek1+maLsfjSQ=">AAAB/XicdVDLSsNAFJ3UV62vqks3g0VwFSYxtHVXcOOyBdsKbSiT6aQdOpOEmYlSQvED3OonuBO3fotf4G84aStY0QMXDufcy733BAlnSiP0YRXW1jc2t4rbpZ3dvf2D8uFRR8WpJLRNYh7L2wAryllE25ppTm8TSbEIOO0Gk6vc795RqVgc3ehpQn2BRxELGcHaSK37QbmC7Mt61fWqENkI1RzXyYlb8y486BglRwUs0RyUP/vDmKSCRppwrFTPQYn2Myw1I5zOSv1U0QSTCR7RnqERFlT52fzQGTwzyhCGsTQVaThXf05kWCg1FYHpFFiP1W8vF//yeqkO637GoiTVNCKLRWHKoY5h/jUcMkmJ5lNDMJHM3ArJGEtMtMlmZQsRgWSjsZ6ZZL7fh/+Tjms7VdtreZUGWmZUBCfgFJwDB9RAA1yDJmgDAih4BE/g2XqwXqxX623RWrCWM8dgBdb7F0p2lm8=</latexit>w

<latexit sha1_base64="b6Ij8EhS4RjfOQ0L5y18ubUztsI="></latexit>

y = sign(w>x)
<latexit sha1_base64="4qD0VKzh9farf90ekk2eagSWy60=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqiRS1GVBFy6r2Ac0scxMJ+3QySTMTKQl9Cf8ALf6Ce7ErX/gF/gbTtosbOuBC4dz7uUeDo45U9pxvq3C2vrG5lZxu7Szu7d/YB+WWypKJKFNEvFIdjBSlDNBm5ppTjuxpCjEnLbx6Drz209UKhaJBz2JqR+igWABI0gbqWeXx9BjAnoh0kOM0/vp403PrjhVZwa4StycVECORs/+8foRSUIqNOFIqa7rxNpPkdSMcDoteYmiMSIjNKBdQwUKqfLTWfYpPDVKHwaRNCM0nKl/L1IUKjUJsdnMMqplLxP/87qJDq78lIk40VSQ+aMg4VBHMCsC9pmkRPOJIYhIZrJCMkQSEW3qWvhCQizZYKinphl3uYdV0jqvuhfV2l2tUnfyjorgGJyAM+CCS1AHt6ABmoCAMXgBr+DNerberQ/rc75asPKbI7AA6+sX5bidMg==</latexit>

x 2 RD

▷ With the help of methods
developped for disordered systems

<latexit sha1_base64="0VNYnB8f/9UHKdCzJfJtTE2mB+s="></latexit>

lim
d!1

EJ [
1

d
logZJ ] ⇡

1

d
logZJ

first example: 
Compute the capacity of perceptron, 

how many samples randomly sampled 
can it classify?



Scope of today’s lecture

▷ The teacher-student paradigm

▷ Models of data structure 

▷ Dynamics of learning

10

Discuss classical and recent litterature to give you an idea of what can be
studied in machine learning with the statistical mechanics point of view.



Teacher-Student paradigm: 
A toy model to study generalization

▷ Data-generating model: Teacher

▷ Learning model: Student
ex: matching teacher

11Data

Model

Algorithm

training data

<latexit sha1_base64="i/HEjMhmR9ASc4nbD6/5QLbnD5Y=">AAAB/HicbVDNS8MwHE39nPOruqOX4BDmZbQi6nHgxeME9wFbKWmabmFpUpJUVsr8V7x4UMSrf4g3/xvTrQfdfBDyeO/3Iy8vSBhV2nG+rbX1jc2t7cpOdXdv/+DQPjruKpFKTDpYMCH7AVKEUU46mmpG+okkKA4Y6QWT28LvPRKpqOAPOkuIF6MRpxHFSBvJt2uJP20MA8FClcXmyqezc9+uO01nDrhK3JLUQYm2b38NQ4HTmHCNGVJq4DqJ9nIkNcWMzKrDVJEE4QkakYGhHMVEefk8/AyeGSWEkZDmcA3n6u+NHMWqyGYmY6THatkrxP+8QaqjGy+nPEk14XjxUJQyqAUsmoAhlQRrlhmCsKQmK8RjJBHWpq+qKcFd/vIq6V403aume39ZbzllHRVwAk5BA7jgGrTAHWiDDsAgA8/gFbxZT9aL9W59LEbXrHKnBv7A+vwBCbuU+A==</latexit>

px(x) y

<latexit sha1_base64="2Yrux2aUyODxkF/bzUAS/pg3y3Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx6r2A9oQ9lsJ+3SzSbsboQQ+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dkpr6xubW+Xtys7u3v5B9fCoreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7czvPKHSPJaPJkvQj+hI8pAzaqz0kJFBtebW3TnIKvEKUoMCzUH1qz+MWRqhNExQrXuemxg/p8pwJnBa6acaE8omdIQ9SyWNUPv5/NIpObPKkISxsiUNmau/J3IaaZ1Fge2MqBnrZW8m/uf1UhNe+zmXSWpQssWiMBXExGT2NhlyhcyIzBLKFLe3EjamijJjw6nYELzll1dJ+6LuXdZv7i9rDbeIowwncArn4MEVNOAOmtACBiE8wyu8ORPnxXl3PhatJaeYOYY/cD5/ADwfjSE=</latexit>

input-output rule

<latexit sha1_base64="786qfVq3+bjHO8Z56ZKcBwAY0fU=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCLlxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaSccX+d+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76eNOv1ty6OwNaJl5BalCg2a9++YOYpIJKQzjWuue5iQkyrAwjnE4rfqppgskYD2nPUokF1UE2yzxFJ1YZoChW9kmDZurvjQwLrScitJN5Rr3o5eJ/Xi810VWQMZmkhkoyPxSlHJkY5QWgAVOUGD6xBBPFbFZERlhhYmxNFVuCt/jlZdI+q3sXde/uvNZwizrKcATHcAoeXEIDbqEJLSCQwDO8wpuTOi/Ou/MxHy05xc4h/IHz+QMCB5Gc</latexit>

RD

<latexit sha1_base64="ePSU1apONKcrfzDjk9Ut1zULFzE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810ZWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1b2Lund7Xmu4RR1lOIJjOAUPLqEBN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNP2pL9</latexit>x

<latexit sha1_base64="sEkim+yfM61VSxacuW37q+rzN/U=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTiE6WG0Iupx4MXjBPcBWy1pmm5haVKS1DHKwH/FiwdFvPp3ePO/Md160OmDkMd7vx95eUHCqNKO82WVlpZXVtfK65WNza3tHXt3r61EKjFpYcGE7AZIEUY5aWmqGekmkqA4YKQTjK5zv/NApKKC3+lJQrwYDTiNKEbaSL59kPjjWj8QLFST2FzZ+P50euLbVafuzAD/ErcgVVCg6duf/VDgNCZcY4aU6rlOor0MSU0xI9NKP1UkQXiEBqRnKEcxUV42iz+Fx0YJYSSkOVzDmfpzI0OxytOZyRjpoVr0cvE/r5fq6MrLKE9STTiePxSlDGoB8y5gSCXBmk0MQVhSkxXiIZIIa9NYxZTgLn75L2mf1d2Lunt7Xm04RR1lcAiOQA244BI0wA1oghbAIANP4AW8Wo/Ws/Vmvc9HS1axsw9+wfr4Bi50lZI=</latexit>

pw(w
⇤)

<latexit sha1_base64="PecICG0lm71nBbwbQe+bPgJ68po=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSKIizIjoi4LblxWsA9ox5LJpG1oJhmSTKUM/RM3LhRx65+482/MtLPQ1gMhh3PuJScnTDjTxvO+nZXVtfWNzdJWeXtnd2/fPThsapkqQhtEcqnaIdaUM0EbhhlO24miOA45bYWj29xvjanSTIoHM0loEOOBYH1GsLFSz3W7oeSRnsT2yp4ez6c9t+JVvRnQMvELUoEC9Z771Y0kSWMqDOFY647vJSbIsDKMcDotd1NNE0xGeEA7lgocUx1ks+RTdGqVCPWlskcYNFN/b2Q41nk4OxljM9SLXi7+53VS078JMiaS1FBB5g/1U46MRHkNKGKKEsMnlmCimM2KyBArTIwtq2xL8Be/vEyaF1X/qurfX1ZqXlFHCY7hBM7Ah2uowR3UoQEExvAMr/DmZM6L8+58zEdXnGLnCP7A+fwB6kaTyQ==</latexit>

w⇤

<latexit sha1_base64="MN74KFvoR5DEBWRDSgNqpRQJ9BI=">AAACIHicbVDLSgMxFM3UV62vUZdugkWoIGVGxLopFHThSirYB3TaIZOmbWjmQZIRhzCf4sZfceNCEd3p15hpu9DWAyGHc+7l3nu8iFEhLevLyC0tr6yu5dcLG5tb2zvm7l5ThDHHpIFDFvK2hwRhNCANSSUj7YgT5HuMtLzxZea37gkXNAzuZBKRro+GAR1QjKSWXLPi+EiOMGLqKoVV6Kikp0rj4/QEOl7I+iLx9ace0qnqpK4aV+20d+OaRatsTQAXiT0jRTBD3TU/nX6IY58EEjMkRMe2ItlViEuKGUkLTixIhPAYDUlH0wD5RHTV5MAUHmmlDwch1y+QcKL+7lDIF9mqujI7R8x7mfif14nl4KKraBDFkgR4OmgQMyhDmKUF+5QTLFmiCcKc6l0hHiGOsNSZFnQI9vzJi6R5WrbPy/btWbFmzeLIgwNwCErABhVQA9egDhoAg0fwDF7Bm/FkvBjvxse0NGfMevbBHxjfP449oyw=</latexit>

D = {y(k),x(k)}Nk=1

input distribution   +

ground truth parameter distribution

<latexit sha1_base64="jBWOwsSUZ5dl/MC/zz3/RbSbunM=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTiEeRmtDPU48OJxgvuArYw0TbewNClJKpY68F/x4kERr/4d3vxvTLcedPNByOO934+8PD9mVGnH+bZKK6tr6xvlzcrW9s7unr1/0FEikZi0sWBC9nykCKOctDXVjPRiSVDkM9L1J9e5370nUlHB73QaEy9CI05DipE20tA+imspfIQDX7BApZG5sofp2dCuOnVnBrhM3IJUQYHW0P4aBAInEeEaM6RU33Vi7WVIaooZmVYGiSIxwhM0In1DOYqI8rJZ/Ck8NUoAQyHN4RrO1N8bGYpUns1MRkiP1aKXi/95/USHV15GeZxowvH8oTBhUAuYdwEDKgnWLDUEYUlNVojHSCKsTWMVU4K7+OVl0jmvuxf1xm2j2nSKOsrgGJyAGnDBJWiCG9ACbYBBBp7BK3iznqwX6936mI+WrGLnEPyB9fkD62yVbQ==</latexit>

p(y|x)

o Can we fit the data? 
o Can we recover the teacher rule?

ŷ

<latexit sha1_base64="YNgtpf73Dd32A0moGhXRMZnhlho=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4r2A9oQ9lsN+3SzSbuToQQ+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbmd+54lrI2L1gFnC/YiOlAgFo2ilbn9MMc+mZFCtuXV3DrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6OdUo2CSTyv91PCEsgkd8Z6likbc+Pn83ik5s8qQhLG2pZDM1d8TOY2MyaLAdkYUx2bZm4n/eb0Uw2s/FypJkSu2WBSmkmBMZs+TodCcocwsoUwLeythY6opQxtRxYbgLb+8StoXde+yfnN/WWu4RRxlOIFTOAcPrqABd9CEFjCQ8Ayv8OY8Oi/Ou/OxaC05xcwx/IHz+QMIwI/u</latexit>

<latexit sha1_base64="UmUjivN1W5c3zldiZgyduwX86EE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG5cV7APasWQymTY0kwxJxlKG/ocbF4q49V/c+Tdm2llo64GQwzn3kpMTJJxp47rfTmltfWNzq7xd2dnd2z+oHh61tUwVoS0iuVTdAGvKmaAtwwyn3URRHAecdoLxbe53nqjSTIoHM02oH+OhYBEj2FjpsR9IHuppbK9sMhtUa27dnQOtEq8gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTmeVfqppgskYD2nPUoFjqv1snnqGzqwSokgqe4RBc/X3RoZjnUezkzE2I73s5eJ/Xi810Y2fMZGkhgqyeChKOTIS5RWgkClKDJ9agoliNisiI6wwMbaoii3BW/7yKmlf1L2rund/WWu4RR1lOIFTOAcPrqEBd9CEFhBQ8Ayv8OZMnBfn3flYjJacYucY/sD5/AFOVZL8</latexit>w<latexit sha1_base64="ePSU1apONKcrfzDjk9Ut1zULFzE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810ZWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1b2Lund7Xmu4RR1lOIJjOAUPLqEBN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNP2pL9</latexit>x

<latexit sha1_base64="786qfVq3+bjHO8Z56ZKcBwAY0fU=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCLlxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaSccX+d+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76eNOv1ty6OwNaJl5BalCg2a9++YOYpIJKQzjWuue5iQkyrAwjnE4rfqppgskYD2nPUokF1UE2yzxFJ1YZoChW9kmDZurvjQwLrScitJN5Rr3o5eJ/Xi810VWQMZmkhkoyPxSlHJkY5QWgAVOUGD6xBBPFbFZERlhhYmxNFVuCt/jlZdI+q3sXde/uvNZwizrKcATHcAoeXEIDbqEJLSCQwDO8wpuTOi/Ou/MxHy05xc4h/IHz+QMCB5Gc</latexit>

RD

optimal model to 
learn the data!

1. Choose a model
2. Choose an algorithm

Model

Data

▷ Learning strategy?

o Loss minimization

o Bayesian posterior

Algorithm
<latexit sha1_base64="yg8YilYa5+sGAr8qZERQGc2yI18="></latexit>

min
w2RD

NX

k=1

`
⇣
y(k), ŷ(x(k),w)

⌘

<latexit sha1_base64="jUfgN7WP/V5+Xm5XctacmeUesmg="></latexit>

p(w|D) /
NY

k=1

p(y(k)|w,x(k))p(w)

Given the training data and a priori on the student, 
what information do we have about the student?



Bayes optimal generalization error
(perceptron + Gaussian or binary input)
▷ When student model = teacher model, the setting is Bayes optimal

▷ Bayes optimal generalization error:

▷ Using the same tool as discussed before
(disorder average, thermodynamic limit, replica computation)

12

<latexit sha1_base64="dpvvbOqVvSTZ/DIBV5XL7w2HFtc="></latexit>

Eg = Ew |DEx,y [(y � ŷ(x, w))2]
assuming square loss

« Mean error over the data if drawing the student 
parameters from the posterior distribution »

sparse
<latexit sha1_base64="wtDTNyRhi3LIuyt9uz2tbdCN69U=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqiSlqMuCG5dV7AOaEGamk3bozCTMTNQS+hN+gFv9BHfi1j/wC/wNkzYLbT1w4XDOvdzDwTFn2jjOl1VaW9/Y3CpvV3Z29/YP7MNqV0eJIrRDIh6pPkaaciZpxzDDaT9WFAnMaQ9PrnK/d0+VZpG8M9OY+gKNJAsZQSaTArv6EDDoMQk9gcwY4/R2Ftg1p+7MAVeJW5AaKNAO7G9vGJFEUGkIR1oPXCc2foqUYYTTWcVLNI0RmaARHWRUIkG1n86zz+BppgxhGKlspIFz9fdFioTWU4GzzTyhXvZy8T9vkJjw0k+ZjBNDJVk8ChMOTQTzIuCQKUoMn2YEEcWyrJCMkULEZHX9+UIEVmw0Nnkz7nIPq6TbqLvn9eZNs9ZqFB2VwTE4AWfABRegBa5BG3QAAY/gGbyAV+vJerPerY/Faskqbo7AH1ifPyIYnVk=</latexit>

wi 2 R
<latexit sha1_base64="bvyB0pKOU95M4ASidjnI6l1CJuo=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9JljA7mU2GzOwuM71KCDn7AV71E7yJV7/DL/A3nCR70MSChqKqm+6uIJHCoOt+Obm19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpYh4AwVK3k40pyqQvBWMrmd+64FrI+LoDscJ9xUdRCIUjKKV7h97gnQTRbxeseSW3TnIKvEyUoIM9V7xu9uPWap4hExSYzqem6A/oRoFk3xa6KaGJ5SN6IB3LI2o4safzA+ekjOr9EkYa1sRkrn6e2JClTFjFdhORXFolr2Z+J/XSTG88iciSlLkEVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm9GfLUwFWgyGOLXJeMs5rJJmpexdlKu31VKtkmWUhxM4hXPw4BJqcAN1aAADBc/wAq/Ok/PmvDsfi9ack80cwx84nz8DJZjx</latexit>

wi ± 1

<latexit sha1_base64="PQjhElJebYvl9y7B1I77t+eFKw8="></latexit>

w = w ⇤

first order phase 
transition to perfect 

recovery 

Györgyi, G. (1990). First-order transition to perfect generalization in a neural network with binary synapses 
Krauth, W., & Mézard, M. (1989). Storage capacity of memory networks with binary couplings
Barbier, J. et al. (2018). Phase Transitions, Optimal Errors and Optimality of Message-Passing in Generalized Linear Models

<latexit sha1_base64="sQs6+ZcJbnYx1HtWA1p5DZGEUrI="></latexit>

↵ =
# training points

# parameters
=
N

D

<latexit sha1_base64="4jL1SlNBDH+CiHvsmvIA6qr9D00="></latexit>

lim
N!+1

ED
h
Eg(D)

i
!
N!1

Eg(↵)



▷ Gradient descent
For instance binary classication problem
e.g. Logistic regression

▷ Message passing algorithms (among them belief propagation)
o Related to some mean-field computation methods

o Performance predicted with the same tools (think disorder averaged) state evolution (SE)

o Optimal among polynomial time algorithms for preceptron → computational gap

What about other (practical) algorithms?
How to train in practice?

13

Algorithm
<latexit sha1_base64="Qi2P7H2nAdY/TYRuvhQ8veBTzcw=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5idTJIhM7vLTK+wLMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KYikMuu63U9jY3NreKe6W9vYPDo/KxyctEyWa8SaLZKQ7ATVcipA3UaDknVhzqgLJ28Hkfua3n7g2IgofMY25r+goFEPBKFqpkfbLFbfqzkHWiZeTCuSo98s/vUHEEsVDZJIa0/XcGP2MahRM8mmplxgeUzahI961NKSKGz+bHzolF1YZkGGkbYVI5urfiYwqY1IV2E5FcWxWvZn4n9dNcHjnZyKME+QhWywaJpJgRGZfk4HQnKFMLaFMC3srYWOqKUObzdIWpgItRmOc2mS81RzWSeuq6t1UvcZ1pebmGRXhDM7hEjy4hRo8QB2awIDDC7zCm/PsvDsfzueiteDkM6ewBOfrF+cqliw=</latexit>y

<latexit sha1_base64="BBk7bpSG8u/C+tAek1+maLsfjSQ=">AAAB/XicdVDLSsNAFJ3UV62vqks3g0VwFSYxtHVXcOOyBdsKbSiT6aQdOpOEmYlSQvED3OonuBO3fotf4G84aStY0QMXDufcy733BAlnSiP0YRXW1jc2t4rbpZ3dvf2D8uFRR8WpJLRNYh7L2wAryllE25ppTm8TSbEIOO0Gk6vc795RqVgc3ehpQn2BRxELGcHaSK37QbmC7Mt61fWqENkI1RzXyYlb8y486BglRwUs0RyUP/vDmKSCRppwrFTPQYn2Myw1I5zOSv1U0QSTCR7RnqERFlT52fzQGTwzyhCGsTQVaThXf05kWCg1FYHpFFiP1W8vF//yeqkO637GoiTVNCKLRWHKoY5h/jUcMkmJ5lNDMJHM3ArJGEtMtMlmZQsRgWSjsZ6ZZL7fh/+Tjms7VdtreZUGWmZUBCfgFJwDB9RAA1yDJmgDAih4BE/g2XqwXqxX623RWrCWM8dgBdb7F0p2lm8=</latexit>w

<latexit sha1_base64="b6Ij8EhS4RjfOQ0L5y18ubUztsI="></latexit>

y = sign(w>x)

sparse

Barbier, J., et al (2018). Phase Transitions, Optimal Errors and Optimality of Message-Passing in Generalized Linear Models. 

computational gap
“hard phase”

<latexit sha1_base64="wtDTNyRhi3LIuyt9uz2tbdCN69U=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqiSlqMuCG5dV7AOaEGamk3bozCTMTNQS+hN+gFv9BHfi1j/wC/wNkzYLbT1w4XDOvdzDwTFn2jjOl1VaW9/Y3CpvV3Z29/YP7MNqV0eJIrRDIh6pPkaaciZpxzDDaT9WFAnMaQ9PrnK/d0+VZpG8M9OY+gKNJAsZQSaTArv6EDDoMQk9gcwY4/R2Ftg1p+7MAVeJW5AaKNAO7G9vGJFEUGkIR1oPXCc2foqUYYTTWcVLNI0RmaARHWRUIkG1n86zz+BppgxhGKlspIFz9fdFioTWU4GzzTyhXvZy8T9vkJjw0k+ZjBNDJVk8ChMOTQTzIuCQKUoMn2YEEcWyrJCMkULEZHX9+UIEVmw0Nnkz7nIPq6TbqLvn9eZNs9ZqFB2VwTE4AWfABRegBa5BG3QAAY/gGbyAV+vJerPerY/Faskqbo7AH1ifPyIYnVk=</latexit>

wi 2 R
<latexit sha1_base64="bvyB0pKOU95M4ASidjnI6l1CJuo=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9JljA7mU2GzOwuM71KCDn7AV71E7yJV7/DL/A3nCR70MSChqKqm+6uIJHCoOt+Obm19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpYh4AwVK3k40pyqQvBWMrmd+64FrI+LoDscJ9xUdRCIUjKKV7h97gnQTRbxeseSW3TnIKvEyUoIM9V7xu9uPWap4hExSYzqem6A/oRoFk3xa6KaGJ5SN6IB3LI2o4safzA+ekjOr9EkYa1sRkrn6e2JClTFjFdhORXFolr2Z+J/XSTG88iciSlLkEVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm9GfLUwFWgyGOLXJeMs5rJJmpexdlKu31VKtkmWUhxM4hXPw4BJqcAN1aAADBc/wAq/Ok/PmvDsfi9ack80cwx84nz8DJZjx</latexit>

wi ± 1

<latexit sha1_base64="4qD0VKzh9farf90ekk2eagSWy60=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqiRS1GVBFy6r2Ac0scxMJ+3QySTMTKQl9Cf8ALf6Ce7ErX/gF/gbTtosbOuBC4dz7uUeDo45U9pxvq3C2vrG5lZxu7Szu7d/YB+WWypKJKFNEvFIdjBSlDNBm5ppTjuxpCjEnLbx6Drz209UKhaJBz2JqR+igWABI0gbqWeXx9BjAnoh0kOM0/vp403PrjhVZwa4StycVECORs/+8foRSUIqNOFIqa7rxNpPkdSMcDoteYmiMSIjNKBdQwUKqfLTWfYpPDVKHwaRNCM0nKl/L1IUKjUJsdnMMqplLxP/87qJDq78lIk40VSQ+aMg4VBHMCsC9pmkRPOJIYhIZrJCMkQSEW3qWvhCQizZYKinphl3uYdV0jqvuhfV2l2tUnfyjorgGJyAM+CCS1AHt6ABmoCAMXgBr+DNerberQ/rc75asPKbI7AA6+sX5bidMg==</latexit>

x 2 RD

Algorithm



▷ High-dimensional scaling

▷ Bayes optimal generalization

▷ Message passing algorithm
specialization transition!

A first 2-layer architecture: committee machines 14

<latexit sha1_base64="4qD0VKzh9farf90ekk2eagSWy60=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqiRS1GVBFy6r2Ac0scxMJ+3QySTMTKQl9Cf8ALf6Ce7ErX/gF/gbTtosbOuBC4dz7uUeDo45U9pxvq3C2vrG5lZxu7Szu7d/YB+WWypKJKFNEvFIdjBSlDNBm5ppTjuxpCjEnLbx6Drz209UKhaJBz2JqR+igWABI0gbqWeXx9BjAnoh0kOM0/vp403PrjhVZwa4StycVECORs/+8f oRSUIqNOFIqa7rxNpPkdSMcDoteYmiMSIjNKBdQwUKqfLTWfYpPDVKHwaRNCM0nKl/L1IUKjUJsdnMMqplLxP/87qJDq78lIk40VSQ+aMg4VBHMCsC9pmkRPOJIYhIZrJCMkQSEW3qWvhCQizZYKinphl3uYdV0jqvuhfV2l2tUnfyjorgGJyAM+CCS1AHt6ABmoCAMXgBr+DNerberQ/rc75asPKbI7AA6+sX5bidMg==</latexit>

x 2 RD <latexit sha1_base64="Qi2P7H2nAdY/TYRuvhQ8veBTzcw=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5idTJIhM7vLTK+wLMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KYikMuu63U9jY3NreKe6W9vYPDo/KxyctEyWa8SaLZKQ7ATVcipA3UaDknVhzqgLJ28Hkfua3n7g2IgofMY25r+goFEPBKFqpkfbLFbfqzkHWiZeTCuSo98s/vUHEEsVDZJIa0/XcGP2MahRM8mmplxgeUzahI961NKSKGz+bHzolF1YZkGGkbYVI5urfiYwqY1IV2E5FcWxWvZn4n9dNcHjnZyKME+QhWywaJpJgRGZfk4HQnKFMLaFMC3srYWOqKUObzdIWpgItRmOc2mS81RzWSeuq6t1UvcZ1pebmGRXhDM7hEjy4hRo8QB2awIDDC7zCm/PsvDsfzueiteDkM6ewBOfrF+cqliw=</latexit>y

<latexit sha1_base64="Ir5j9yfCHEfvK++rKGb/qLfZ/1c=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqiRS1GXBjeCmin1AG8vMdNIOnUzCzESsIT/hB7jVT3Anbv0Dv8DfcNJmYVsPXDiccy/3cHDEmdKO820VVlbX1jeKm6Wt7Z3dPXu/3FJhLAltkpCHsoORopwJ2tRMc9qJJEUB5rSNx5eZ336gUrFQ3OlJRL0ADQXzGUHaSH27/AR7TMBegPQI4+Q2vb/u2xWn6kwBl4mbkwrI0ejbP71BSOKACk04UqrrOpH2EiQ1I5ympV6saITIGA1p11CBAqq8ZJo9hcdGGUA/lGaEhlP170WCAqUmATabWUa16GXif1431v6FlzARxZoKMnvkxxzqEGZFwAGTlGg+MQQRyUxWSEZIIqJNXXNfSIAlG450appxF3tYJq3TqntWrd3UKnUn76gIDsEROAEuOAd1cAUaoAkIeAQv4BW8Wc/Wu/Vhfc5WC1Z+cwDmYH39AvQ7nTs=</latexit>

z 2 RK

<latexit sha1_base64="h2OcbmB0fdhnfASKHLpAqbMHmKU="></latexit>

D = {y (k), x (k)}Nk=1

Schwarze (1993). Learning a Rule in a Multilayer Neural-Network. 
Schwarze & Hertz  (1993). Generalization in Fully Connected Committee Machines. 
Monasson et ql (2004). Learning and Generalization Theories of Large Committee-Machines
Aubin et al (2018). The committee machine: Computational to statistical gaps in learning a two-layers neural network

perfect 
generalization

<latexit sha1_base64="4jL1SlNBDH+CiHvsmvIA6qr9D00="></latexit>

lim
N!+1

ED
h
Eg(D)

i
!
N!1

Eg(↵)

<latexit sha1_base64="JH23moxTTsh2muzsZUsoSX+6uM8="></latexit>

K = # hidden layer units = O(1)

<latexit sha1_base64="bCtMvCjc1wkZEAaO/uqjM3zHmTw="></latexit>

↵ =
# training points

# parameters
=
N

D
= O(1)

<latexit sha1_base64="l5jhsLPBAO4Gov8eNUePY92lLoI=">AAACCnicbVBLSgNBEO3xG+Mv6tJNYxAEIcxIUJcBXbiMYD6QGUNPpydp0t0zdNcIYcgNPIBbPYI7ceslPIHXsJPMwiQ+KHi8V0VVvTAR3IDrfjsrq2vrG5uFreL2zu7efungsGniVFPWoLGIdTskhgmuWAM4CNZONCMyFKwVDm8mfuuJacNj9QCjhAWS9BWPOCVgpcdb7EOMz7HPVQSjbqnsVtwp8DLxclJGOerd0o/fi2kqmQIqiDEdz00gyIgGTgUbF/3UsITQIemzjqWKSGaCbHr1GJ9apYejWNtSgKfq34mMSGNGMrSdksDALHoT8T+vk0J0HWRcJSkwRWeLolRg++kkAtzjmlEQI0sI1dzeiumAaELBBjW3hcpQ8/4AxjYZbzGHZdK8qHiXlep9tVxz84wK6BidoDPkoStUQ3eojhqIIo1e0Ct6c56dd+fD+Zy1rjj5zBGag/P1C3NJmsw=</latexit>

D ! +1 <latexit sha1_base64="Swt4akf1eTj1vfUL8xT9zPov6f0="></latexit>

q00 =< (W
⇤
1 )0,. ; (W1)0,. >

<latexit sha1_base64="KEkvDYbOR965VJK8goknW3Z1kNk="></latexit>

q01 =< (W
⇤
1 )0,. ; (W1)1,. >

specialization

<latexit sha1_base64="Ym2AG4OMDbKmFRatrRLqPwdBxCQ=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1GPAi8eI5gHJEmYns5shM7PLzKwSlhz8AK/6Cd7Eq5/iF/gbTpI9mMSChqKqm+6uIOFMG9f9dtbWNza3tgs7xd29/YPD0tFxS8epIrRJYh6rToA15UzSpmGG006iKBYBp+1gdDP1249UaRbLBzNOqC9wJFnICDZWun/qV/ulsltxZ0CrxMtJGXI0+qWf3iAmqaDSEI617npuYvwMK8MIp5NiL9U0wWSEI9q1VGJBtZ/NTp2gc6sMUBgrW9Kgmfp3IsNC67EIbKfAZqiXvan4n9dNTXjtZ0wmqaGSzBeFKUcmRtO/0YApSgwfW4KJYvZWRIZYYWJsOgtbiAgUi4ZmYpPxlnNYJa1qxbus1O5q5bqbZ1SAUziDC/DgCupwCw1oAoEIXuAV3pxn5935cD7nrWtOPnMCC3C+fgEX9pbS</latexit>w2
<latexit sha1_base64="Pzn7biLENFOP7R1Si28W1EKbJ6k=">AAAB/3icbVDLSgNBEOyNrxhfUY9eFoPgKeyKqMeAF48RzQOSJcxOZpMhM7PLTK8Qlhz8AK/6Cd7Eq5/iF/gbTpI9mMSChqKqm+6uMBHcoOd9O4W19Y3NreJ2aWd3b/+gfHjUNHGqKWvQWMS6HRLDBFesgRwFayeaERkK1gpHt1O/9cS04bF6xHHCAkkGikecErTSQ6vn98oVr+rN4K4SPycVyFHvlX+6/ZimkimkghjT8b0Eg4xo5FSwSambGpYQOiID1rFUEclMkM1OnbhnVum7UaxtKXRn6t+JjEhjxjK0nZLg0Cx7U/E/r5NidBNkXCUpMkXni6JUuBi707/dPteMohhbQqjm9laXDokmFG06C1uoDDUfDHFik/GXc1glzYuqf1W9vL+s1Lw8oyKcwCmcgw/XUIM7qEMDKAzgBV7hzXl23p0P53PeWnDymWNYgPP1C+LulrE=</latexit>

W1
<latexit sha1_base64="Qi2P7H2nAdY/TYRuvhQ8veBTzcw=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5idTJIhM7vLTK+wLMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KYikMuu63U9jY3NreKe6W9vYPDo/KxyctEyWa8SaLZKQ7ATVcipA3UaDknVhzqgLJ28Hkfua3n7g2IgofMY25r+goFEPBKFqpkfbLFbfqzkHWiZeTCuSo98s/vUHEEsVDZJIa0/XcGP2MahRM8mmplxgeUzahI961NKSKGz+bHzolF1YZkGGkbYVI5urfiYwqY1IV2E5FcWxWvZn4n9dNcHjnZyKME+QhWywaJpJgRGZfk4HQnKFMLaFMC3srYWOqKUObzdIWpgItRmOc2mS81RzWSeuq6t1UvcZ1pebmGRXhDM7hEjy4hRo8QB2awIDDC7zCm/PsvDsfzueiteDkM6ewBOfrF+cqliw=</latexit>y

<latexit sha1_base64="Ir5j9yfCHEfvK++rKGb/qLfZ/1c=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqiRS1GXBjeCmin1AG8vMdNIOnUzCzESsIT/hB7jVT3Anbv0Dv8DfcNJmYVsPXDiccy/3cHDEmdKO820VVlbX1jeKm6Wt7Z3dPXu/3FJhLAltkpCHsoORopwJ2tRMc9qJJEUB5rSNx5eZ336gUrFQ3OlJRL0ADQXzGUHaSH27/AR7TMBegPQI4+Q2vb/u2xWn6kwBl4mbkwrI0ejbP71BSOKACk04UqrrOpH2EiQ1I5ympV6saITIGA1p11CBAqq8ZJo9hcdGGUA/lGaEhlP170WCAqUmATabWUa16GXif1431v6FlzARxZoKMnvkxxzqEGZFwAGTlGg+MQQRyUxWSEZIIqJNXXNfSIAlG450appxF3tYJq3TqntWrd3UKnUn76gIDsEROAEuOAd1cAUaoAkIeAQv4BW8Wc/Wu/Vhfc5WC1Z+cwDmYH39AvQ7nTs=</latexit>

z 2 RK

<latexit sha1_base64="O7Ks6tjpXX9+70eu6pAq6rHv0G4=">AAACAXicdVDLSsNAFJ34rPVVdelmsAjiIiQ1tHVXcOOygmkLbSyT6aQdOjMJMxOhhK78ALf6Ce7ErV/iF/gbTtoKVvTAhcM593LvPWHCqNKO82GtrK6tb2wWtorbO7t7+6WDw5aKU4mJj2MWy06IFGFUEF9TzUgnkQTxkJF2OL7K/fY9kYrG4lZPEhJwNBQ0ohhpI/ntu/O+2y+VHfuyXq14VejYjlNzK25OKjXvwoOuUXKUwQLNfumzN4hxyonQmCGluq6T6CBDUlPMyLTYSxVJEB6jIekaKhAnKshmx07hqVEGMIqlKaHhTP05kSGu1ISHppMjPVK/vVz8y+umOqoHGRVJqonA80VRyqCOYf45HFBJsGYTQxCW1NwK8QhJhLXJZ2kL5qGkw5GemmS+34f/k1bFdqu2d+OVG84iowI4BifgDLigBhrgGjSBDzCg4BE8gWfrwXqxXq23eeuKtZg5Akuw3r8AbeWXjw==</latexit>

W ⇤1

teacher student

training data

K = 2, binary weights

<latexit sha1_base64="Ym2AG4OMDbKmFRatrRLqPwdBxCQ=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1GPAi8eI5gHJEmYns5shM7PLzKwSlhz8AK/6Cd7Eq5/iF/gbTpI9mMSChqKqm+6uIOFMG9f9dtbWNza3tgs7xd29/YPD0tFxS8epIrRJYh6rToA15UzSpmGG006iKBYBp+1gdDP1249UaRbLBzNOqC9wJFnICDZWun/qV/ulsltxZ0CrxMtJGXI0+qWf3iAmqaDSEI617npuYvwMK8MIp5NiL9U0wWSEI9q1VGJBtZ/NTp2gc6sMUBgrW9Kgmfp3IsNC67EIbKfAZqiXvan4n9dNTXjtZ0wmqaGSzBeFKUcmRtO/0YApSgwfW4KJYvZWRIZYYWJsOgtbiAgUi4ZmYpPxlnNYJa1qxbus1O5q5bqbZ1SAUziDC/DgCupwCw1oAoEIXuAV3pxn5935cD7nrWtOPnMCC3C+fgEX9pbS</latexit>w2

<latexit sha1_base64="r95DS3NwG2AvEITtNVjuR/8W03Y="></latexit>

y = sign(w>2 sign(W
⇤
1 x))

<latexit sha1_base64="jyu715nxjitiMUIThKGerecoruE="></latexit>

ŷ = sign(w>2 sign(W1x))



Another multi-layer example: Random features
+ not matched student and teacher
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▷ Student: Alike a 2-layer neural network

o Learn a map

o Weight parameters

o First weight matrix fixed and random 
(e.g., i.i.d. Gaussian entries)

▷ Teacher: perceptron

▷ Training objective

▷ Gibbs posterior formulation 

<latexit sha1_base64="1VIufSO1KNjai2eNTyeiZ71aqms=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTPwBuWKW3MXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbQva1695t5fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDS241p</latexit>

W1
<latexit sha1_base64="q784SbU6n5gSoiYGcmoQR6mI6PA=">AAAB+XicbVBPS8MwHP11/pvzX9Wjl+IQdhrtUPQ48OJxgtuErZQ0TbewNClJOhll38SLB0W8+k28+W1Mtx5080HI473fj7y8MGVUadf9tiobm1vbO9Xd2t7+weGRfXzSUyKTmHSxYEI+hkgRRjnpaqoZeUwlQUnISD+c3BZ+f0qkooI/6FlK/ASNOI0pRtpIgW0PQ8EiNUvMlT8FrXlg192mu4CzTryS1KFEJ7C/hpHAWUK4xgwpNfDcVPs5kppiRua1YaZIivAEjcjAUI4Sovx8kXzuXBglcmIhzeHaWai/N3KUqCKcmUyQHqtVrxD/8waZjm/8nPI004Tj5UNxxhwtnKIGJ6KSYM1mhiAsqcnq4DGSCGtTVs2U4K1+eZ30Wk3vquneX9bbjbKOKpzBOTTAg2towx10oAsYpvAMr/Bm5daL9W59LEcrVrlzCn9gff4A9OaTyA==</latexit>w2

<latexit sha1_base64="hLien1VAPUMwRgFAMwvUC3JRaGU=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBG6KjOi6LLgxmUF+4B2LJlMpg3NJEOSUcvQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YLG2Vt3d29/YrB4dtLVNFaItILlU3wJpyJmjLMMNpN1EUxwGnnWB8nfudB6o0k+LOTBLqx3goWMQINla67weSh3oS2yt7mg4qVbfuzoCWiVeQKhRoDipf/VCSNKbCEI617nluYvwMK8MIp9NyP9U0wWSMh7RnqcAx1X42Sz1Fp1YJUSSVPcKgmfp7I8OxzqPZyRibkV70cvE/r5ea6MrPmEhSQwWZPxSlHBmJ8gpQyBQlhk8swUQxmxWREVaYGFtU2ZbgLX55mbTP6t5F3b09rzZqRR0lOIYTqIEHl9CAG2hCCwgoeIZXeHMenRfn3fmYj644xc4R/IHz+QNMzJLz</latexit>x
<latexit sha1_base64="sWM+nmhkt6EpDzMMmFCeUDvXr+s=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoseCF48t2A9oQ9lsJ+3azSbsboRQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPJkvQj+hI8pAzaqzUzAbliltzFyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvwpVYYzgbNSP9WYUDahI+xZKmmE2p8uDp2RC6sMSRgrW9KQhfp7YkojrbMosJ0RNWO96s3F/7xeasJbf8plkhqUbLkoTAUxMZl/TYZcITMis4Qyxe2thI2poszYbEo2BG/15XXSvqx51zW3eVWpV/M4inAG51AFD26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwB4T2M5w==</latexit>y

<latexit sha1_base64="dHN7dsdJE7uXt01u2RyTDP24kH0=">AAAB83icbVDLSsNAFL3xWeur6tLNYBG6Kokouiy4cVnFPqCJMpnetkMnkzAzEUrob7hxoYhbf8adf+OkzUJbDwwczj2Xe+aEieDauO63s7K6tr6xWdoqb+/s7u1XDg7bOk4VwxaLRay6IdUouMSW4UZgN1FIo1BgJxxf5/POEyrNY3lvJgkGER1KPuCMGiv5fkTNKAyzu+lD87FSdevuDGSZeAWpQgHr//L7MUsjlIYJqnXPcxMTZFQZzgROy36qMaFsTIfYs1TSCHWQzTJPyalV+mQQK/ukITP190ZGI60nUWideUa9OMvF/2a91AyugozLJDUo2fzQIBXExCQvgPS5QmbExBLKFLdZCRtRRZmxNZVtCd7il5dJ+6zuXdTd2/Nqo1bUUYJjOIEaeHAJDbiBJrSAQQLP8ApvTuq8OO/Ox9y64hQ7R/AHzucPESmRng==</latexit>

RP

<latexit sha1_base64="xQlEZDbZGQ68WM81sQpW3jBr3Ds=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBG6KjOi6LKgC5dV7AM6Y8mkmTY0kwlJRihDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTSs60cd1vZ2V1bX1js7RV3t7Z3duvHBy2dZIqQlsk4YnqhlhTzgRtGWY47UpFcRxy2gnH17nfeaJKs0Q8mImkQYyHgkWMYGMl34+xGYVhdj99vOlXqm7dnQEtE68gVSjQ7Fe+/EFC0pgKQzjWuue50gQZVoYRTqdlP9VUYjLGQ9qzVOCY6iCbZZ6iU6sMUJQo+4RBM/X3RoZjrSdxaCfzjHrRy8X/vF5qoqsgY0KmhgoyPxSlHJkE5QWgAVOUGD6xBBPFbFZERlhhYmxNZVuCt/jlZdI+q3sXdffuvNqoFXWU4BhOoAYeXEIDbqEJLSAg4Rle4c1JnRfn3fmYj644xc4R/IHz+QP+6pGS</latexit>

RD

<latexit sha1_base64="SCScO2T2uZ+wODiZt8107IYhc+c="></latexit>

w2 2 RP ,W1 2 RP⇥D

<latexit sha1_base64="O0ou7bUGwQMZzDoxdID8HpyK8Vk="></latexit>

µ� (w | {xµ, yµ}) = 1

Z�
e��[

PN
µ=1 `(yµ,xµ·w)+�

2 kwk2
2]

=
1

Z�

NY

µ=1

e��`(yµ,xµ·w)

| {z }
⌘Py(y|w·xµ)

PY

i=1

e�
��
2 w2

i

| {z }
⌘Pw(w)

<latexit sha1_base64="fjy48OmDOrlB/Fygyh+6ItfJ8Zk="></latexit>

min
w2RP

NX

µ=1

` (yµ,xµ,w) +
�

2
kwk22

y

<latexit sha1_base64="2Yrux2aUyODxkF/bzUAS/pg3y3Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx6r2A9oQ9lsJ+3SzSbsboQQ+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dkpr6xubW+Xtys7u3v5B9fCoreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7czvPKHSPJaPJkvQj+hI8pAzaqz0kJFBtebW3TnIKvEKUoMCzUH1qz+MWRqhNExQrXuemxg/p8pwJnBa6acaE8omdIQ9SyWNUPv5/NIpObPKkISxsiUNmau/J3IaaZ1Fge2MqBnrZW8m/uf1UhNe+zmXSWpQssWiMBXExGT2NhlyhcyIzBLKFLe3EjamijJjw6nYELzll1dJ+6LuXdZv7i9rDbeIowwncArn4MEVNOAOmtACBiE8wyu8ORPnxXl3PhatJaeYOYY/cD5/ADwfjSE=</latexit>

<latexit sha1_base64="786qfVq3+bjHO8Z56ZKcBwAY0fU=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCLlxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaSccX+d+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76eNOv1ty6OwNaJl5BalCg2a9++YOYpIJKQzjWuue5iQkyrAwjnE4rfqppgskYD2nPUokF1UE2yzxFJ1YZoChW9kmDZurvjQwLrScitJN5Rr3o5eJ/Xi810VWQMZmkhkoyPxSlHJkY5QWgAVOUGD6xBBPFbFZERlhhYmxNFVuCt/jlZdI+q3sXde/uvNZwizrKcATHcAoeXEIDbqEJLSCQwDO8wpuTOi/Ou/MxHy05xc4h/IHz+QMCB5Gc</latexit>

RD

<latexit sha1_base64="ePSU1apONKcrfzDjk9Ut1zULFzE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810ZWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1b2Lund7Xmu4RR1lOIJjOAUPLqEBN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNP2pL9</latexit>x
<latexit sha1_base64="9szgXLH8xGN7x3frUcfrDd/LfwI=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUREXRbcuKxgH9CEMpnctEMnkzAzEUvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJUs6Udpxva219Y3Nru7ZT393bPzi0jxo9lWSSQpcmPJGDgCjgTEBXM81hkEogccChH0xvS7//CFKxRDzoWQp+TMaCRYwSbaSR3fCChIdqFpsr9wLQpBjZTaflzIFXiVuRJqrQGdlfXpjQLAahKSdKDV0n1X5OpGaUQ1H3MgUpoVMyhqGhgsSg/HyevcBnRglxlEhzhMZz9fdGTmJVxjOTMdETteyV4n/eMNPRjZ8zkWYaBF08FGUc6wSXReCQSaCazwwhVDKTFdMJkYRqU1fdlOAuf3mV9C5a7lXLvb9stp2qjho6QafoHLnoGrXRHeqgLqLoCT2jV/RmFdaL9W59LEbXrGrnGP2B9fkDu6mU1g==</latexit>

�

student

teacher

Rahimi, A. and Recht, B. NeurIPS 2018
<latexit sha1_base64="BMZ2iyo0dF528PIXwy4xnOY/jnQ="></latexit>

ŷ = f̂
�
w2

>�(W1x)
�

<latexit sha1_base64="QAtNryoxcqrpGf+LznKCnGuh3IE=">AAACGHicbVDLSgMxFM34rPVVdekmWIS6qTNS1I1QcOOygn1AZyyZNNOGZiZDckcsQz/Djb/ixoUibrvzb0zbWdTWAyGHc+7l3nv8WHANtv1jrayurW9s5rby2zu7e/uFg8OGlomirE6lkKrlE80Ej1gdOAjWihUjoS9Y0x/cTvzmE1Oay+gBhjHzQtKLeMApASN1CudDfIODjl1yfSm6ehiaL3V9BmT06IKM8bz+PDrrFIp22Z4CLxMnI0WUodYpjN2upEnIIqCCaN127Bi8lCjgVLBR3k00iwkdkB5rGxqRkGkvnR42wqdG6eJAKvMiwFN1viMloZ7sZipDAn296E3E/7x2AsG1l/IoToBFdDYoSAQGiScp4S5XjIIYGkKo4mZXTPtEEQomy7wJwVk8eZk0LsrOZblyXylW7SyOHDpGJ6iEHHSFqugO1VAdUfSC3tAH+rRerXfry/qela5YWc8R+gNr/AsKoqBn</latexit>

y = f0(�
>x)

Model

Data



▷ Generalization error in the high-dimensional limit

Gausian input
input dimension
# parameters
# training samples

where the scalar fields are jointly Gaussian.

▷ Compute covariance of Gaussian fields? 

o random matrix theory tools or replica method from statistical physics!

An important intermediary result:
Gaussian equivalence principle
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Karoui, N. El. (2010). Annals of Statistics, Mei, S., & Montanari, A. (2019). ArXiv 1908.05355. Gerace, F., et al ICML 
(2020), Hu, H., & Lu, Y. M. (2020). ArXiv 2009.07669.  Goldt, S., et al (2020). ArXiv, 2006.14709

<latexit sha1_base64="1VIufSO1KNjai2eNTyeiZ71aqms=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTPwBuWKW3MXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbQva1695t5fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDS241p</latexit>

W1
<latexit sha1_base64="q784SbU6n5gSoiYGcmoQR6mI6PA=">AAAB+XicbVBPS8MwHP11/pvzX9Wjl+IQdhrtUPQ48OJxgtuErZQ0TbewNClJOhll38SLB0W8+k28+W1Mtx5080HI473fj7y8MGVUadf9tiobm1vbO9Xd2t7+weGRfXzSUyKTmHSxYEI+hkgRRjnpaqoZeUwlQUnISD+c3BZ+f0qkooI/6FlK/ASNOI0pRtpIgW0PQ8EiNUvMlT8FrXlg192mu4CzTryS1KFEJ7C/hpHAWUK4xgwpNfDcVPs5kppiRua1YaZIivAEjcjAUI4Sovx8kXzuXBglcmIhzeHaWai/N3KUqCKcmUyQHqtVrxD/8waZjm/8nPI004Tj5UNxxhwtnKIGJ6KSYM1mhiAsqcnq4DGSCGtTVs2U4K1+eZ30Wk3vquneX9bbjbKOKpzBOTTAg2towx10oAsYpvAMr/Bm5daL9W59LEcrVrlzCn9gff4A9OaTyA==</latexit>w2

<latexit sha1_base64="hLien1VAPUMwRgFAMwvUC3JRaGU=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBG6KjOi6LLgxmUF+4B2LJlMpg3NJEOSUcvQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YLG2Vt3d29/YrB4dtLVNFaItILlU3wJpyJmjLMMNpN1EUxwGnnWB8nfudB6o0k+LOTBLqx3goWMQINla67weSh3oS2yt7mg4qVbfuzoCWiVeQKhRoDipf/VCSNKbCEI617nluYvwMK8MIp9NyP9U0wWSMh7RnqcAx1X42Sz1Fp1YJUSSVPcKgmfp7I8OxzqPZyRibkV70cvE/r5ea6MrPmEhSQwWZPxSlHBmJ8gpQyBQlhk8swUQxmxWREVaYGFtU2ZbgLX55mbTP6t5F3b09rzZqRR0lOIYTqIEHl9CAG2hCCwgoeIZXeHMenRfn3fmYj644xc4R/IHz+QNMzJLz</latexit>x

<latexit sha1_base64="dHN7dsdJE7uXt01u2RyTDP24kH0=">AAAB83icbVDLSsNAFL3xWeur6tLNYBG6Kokouiy4cVnFPqCJMpnetkMnkzAzEUrob7hxoYhbf8adf+OkzUJbDwwczj2Xe+aEieDauO63s7K6tr6xWdoqb+/s7u1XDg7bOk4VwxaLRay6IdUouMSW4UZgN1FIo1BgJxxf5/POEyrNY3lvJgkGER1KPuCMGiv5fkTNKAyzu+lD87FSdevuDGSZeAWpQgHr//L7MUsjlIYJqnXPcxMTZFQZzgROy36qMaFsTIfYs1TSCHWQzTJPyalV+mQQK/ukITP190ZGI60nUWideUa9OMvF/2a91AyugozLJDUo2fzQIBXExCQvgPS5QmbExBLKFLdZCRtRRZmxNZVtCd7il5dJ+6zuXdTd2/Nqo1bUUYJjOIEaeHAJDbiBJrSAQQLP8ApvTuq8OO/Ox9y64hQ7R/AHzucPESmRng==</latexit>

RP

<latexit sha1_base64="xQlEZDbZGQ68WM81sQpW3jBr3Ds=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBG6KjOi6LKgC5dV7AM6Y8mkmTY0kwlJRihDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTSs60cd1vZ2V1bX1js7RV3t7Z3duvHBy2dZIqQlsk4YnqhlhTzgRtGWY47UpFcRxy2gnH17nfeaJKs0Q8mImkQYyHgkWMYGMl34+xGYVhdj99vOlXqm7dnQEtE68gVSjQ7Fe+/EFC0pgKQzjWuue50gQZVoYRTqdlP9VUYjLGQ9qzVOCY6iCbZZ6iU6sMUJQo+4RBM/X3RoZjrSdxaCfzjHrRy8X/vF5qoqsgY0KmhgoyPxSlHJkE5QWgAVOUGD6xBBPFbFZERlhhYmxNZVuCt/jlZdI+q3sXdffuvNqoFXWU4BhOoAYeXEIDbqEJLSAg4Rle4c1JnRfn3fmYj644xc4R/IHz+QP+6pGS</latexit>

RD

<latexit sha1_base64="kBMuVt4m1A0bgGpRAXYNrrjHdWQ=">AAACGXicbVDLSgMxFM3UV62vUZdugkWomzIjom6EghuXFewDOtOSSTNtaGYyJHfEMvQ33Pgrblwo4lJX/o3pY1FbD4QczrmXe+8JEsE1OM6PlVtZXVvfyG8WtrZ3dvfs/YO6lqmirEalkKoZEM0Ej1kNOAjWTBQjUSBYIxjcjP3GA1Oay/gehgnzI9KLecgpASN1bGeIr3HYdkpeIEVXDyPzZV7AgIzaHsgEz+uPo1PcsYtO2ZkALxN3RopohmrH/vK6kqYRi4EKonXLdRLwM6KAU8FGBS/VLCF0QHqsZWhMIqb9bHLZCJ8YpYtDqcyLAU/U+Y6MRHq8nKmMCPT1ojcW//NaKYRXfsbjJAUW0+mgMBUYJB7HhLtcMQpiaAihiptdMe0TRSiYMAsmBHfx5GVSPyu7F2X37rxYKc3iyKMjdIxKyEWXqIJuURXVEEVP6AW9oXfr2Xq1PqzPaWnOmvUcoj+wvn8BbWSghQ==</latexit>

y = f0(�>x)

<latexit sha1_base64="4+NRST1h6+QGhv01dBbg3HYu6sM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBDx4r2A9oQtlsN+3SzSbsToQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNkmmGW+xRCa6G1LDpVC8hQIl76aa0ziUvBOOb2d+54lrIxL1iJOUBzEdKhEJRtFK/h3xMSG+UBFO+tWaW3fnIKvEK0gNCjT71S9/kLAs5gqZpMb0PDfFIKcaBZN8WvEzw1PKxnTIe5YqGnMT5PObp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62UY3QS5UGmGXLHFoiiTxP45C4AMhOYM5cQSyrSwtxI2opoytDFVbAje8surpH1R967q3sNlreEWcZThBE7hHDy4hgbcQxNawCCFZ3iFNydzXpx352PRWnKKmWP4A+fzB1cIkS8=</latexit>

D ! 1
<latexit sha1_base64="qVsDC1zg2xd5Ewz7heo57eXR1oI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cKthaaUDbbTbt0swm7EyGE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpxjsskYnuhdRwKRTvoEDJe6nmNA4lfwwntzP/8YlrIxL1gHnKg5iOlIgEo2glv018TIgvVIT5oN5wm+4cZJV4JWlAifag/uUPE5bFXCGT1Ji+56YYFFSjYJJPa35meErZhI5431JFY26CYn7zlJxZZUiiRNtSSObq74mCxsbkcWg7Y4pjs+zNxP+8fobRTVAIlWbIFVssijJJ7J+zAMhQaM5Q5pZQpoW9lbAx1ZShjalmQ/CWX14l3Yumd9X07i8bLbeMowoncArn4ME1tOAO2tABBik8wyu8OZnz4rw7H4vWilPOHMMfOJ8/abyROw==</latexit>

P ! 1
<latexit sha1_base64="07eLe8eFp6FNl12bNr0hvK1SfLM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBiyepYD+gCWWz3bRLN5uwOxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlQKg6777ZTW1jc2t8rblZ3dvf2D6uFR2ySZZrzFEpnobkgNl0LxFgqUvJtqTuNQ8k44vp35nSeujUjUI05SHsR0qEQkGEUr+ffEx4T4QkU46Vdrbt2dg6wSryA1KNDsV7/8QcKymCtkkhrT89wUg5xqFEzyacXPDE8pG9Mh71mqaMxNkM9vnpIzqwxIlGhbCslc/T2R09iYSRzazpjiyCx7M/E/r5dhdBPkQqUZcsUWi6JMEvvnLAAyEJozlBNLKNPC3krYiGrK0MZUsSF4yy+vkvZF3buqew+XtYZbxFGGEziFc/DgGhpwB01oAYMUnuEV3pzMeXHenY9Fa8kpZo7hD5zPH2aekTk=</latexit>

N ! 1

<latexit sha1_base64="t9wMItjAa8tzOBYOi+3A4LAFPFM=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuRksQt3URETdCAVduNIK9gJtKJPppB06mYSZiVBCwVdx40IRtz6HO9/GaZuFtv4w8PGfczhnfj/mTGnH+bZyC4tLyyv51cLa+sbmlr29U1dRIgmtkYhHsuljRTkTtKaZ5rQZS4pDn9OGP7ga1xuPVCoWiQc9jKkX4p5gASNYG6tj792iY3SNLlEb87iPDdyV3KOOXXTKzkRoHtwMipCp2rG/2t2IJCEVmnCsVMt1Yu2lWGpGOB0V2omiMSYD3KMtgwKHVHnp5PwROjROFwWRNE9oNHF/T6Q4VGoY+qYzxLqvZmtj879aK9HBhZcyESeaCjJdFCQc6QiNs0BdJinRfGgAE8nMrYj0scREm8QKJgR39svzUD8pu2dl9/60WHGyOPKwDwdQAhfOoQI3UIUaEEjhGV7hzXqyXqx362PamrOymV34I+vzB5Zkkp8=</latexit>

N/D = ↵ = O(1)
<latexit sha1_base64="CKZjwvqdY/jz5DD7z12V6mRm9c4=">AAAB/nicbZDLSgMxFIbP1Futt1Fx5SZYhLqpMyLqRijowp0V7AXaoWTStA1NMkOSEcpQ8FXcuFDErc/hzrcxbWeh1R8CH/85h3PyhzFn2njel5NbWFxaXsmvFtbWNza33O2duo4SRWiNRDxSzRBrypmkNcMMp81YUSxCThvh8GpSbzxQpVkk780opoHAfcl6jGBjrY67d42OURVdonYfC4Et3Jb8o45b9MreVOgv+BkUIVO14362uxFJBJWGcKx1y/diE6RYGUY4HRfaiaYxJkPcpy2LEguqg3R6/hgdWqeLepGyTxo0dX9OpFhoPRKh7RTYDPR8bWL+V2slpncRpEzGiaGSzBb1Eo5MhCZZoC5TlBg+soCJYvZWRAZYYWJsYgUbgj//5b9QPyn7Z2X/7rRY8bI48rAPB1ACH86hAjdQhRoQSOEJXuDVeXSenTfnfdaac7KZXfgl5+MblLmSng==</latexit>

D/P = � = O(1) <latexit sha1_base64="r8XqiVyKAwHtqDUzHFnUq/HJ1yE="></latexit>

ŷ = f̂
�
w2

>�(W1x)
�

<latexit sha1_base64="qrz2D+yW4MYS0QnTLZgw+2M1bcw=">AAACGXicbVDLTgIxFO3gC/GFunTTQExYkRlj1I0JiRuXmMgjYRA6pUBDp520d4xkwm+48VfcuNAYl7rybywwC0FP0vTknHtz7z1BJLgB1/12Miura+sb2c3c1vbO7l5+/6BuVKwpq1EllG4GxDDBJasBB8GakWYkDARrBKOrqd+4Z9pwJW9hHLF2SAaS9zklYKVO3u12fRnjS+wHSvTMOLRf4gcMyOTOBxUt6A+TAu7ki27ZnQH/JV5KiihFtZP/9HuKxiGTQAUxpuW5EbQTooFTwSY5PzYsInREBqxlqSQhM+1kdtkEH1ulh/tK2ycBz9TfHQkJzXQ5WxkSGJplbyr+57Vi6F+0Ey6jGJik80H9WGBQeBoT7nHNKIixJYRqbnfFdEg0oWDDzNkQvOWT/5L6Sdk7K3s3p8VKKY0ji45QAZWQh85RBV2jKqohih7RM3pFb86T8+K8Ox/z0oyT9hyiBThfPxZqoOg=</latexit>

“⌫ = �>x”
<latexit sha1_base64="KAm7kqNmVw0fnKy/magYrRksmwg=">AAACJ3icbVDLSsNAFJ34rPUVdelmaBHqpiRF1I1ScOOygn1AU9PJZNIOnWTCzEQtoX/jxl9xI6iILv0Tp20WtvXCMIdzzuXee7yYUaks69tYWl5ZXVvPbeQ3t7Z3ds29/YbkicCkjjnjouUhSRiNSF1RxUgrFgSFHiNNb3A11pv3REjKo1s1jEknRL2IBhQjpSnXvOx2HabtPoIXEDoeZ74chvpLH9zK6M5RPHYk7YWoBJuuPWN4HB0XXLNola1JwUVgZ6AIsqq55pvjc5yEJFKYISnbthWrToqEopiRUd5JJIkRHqAeaWsYoZDITjq5cwSPNOPDgAv9IgUn7N+OFIVyvJx2hkj15bw2Jv/T2okKzjspjeJEkQhPBwUJg4rDcWjQp4JgxYYaICyo3hXiPhIIKx1tXodgz5+8CBqVsn1atm9OitVSFkcOHIICKAEbnIEquAY1UAcYPIEX8A4+jGfj1fg0vqbWJSPrOQAzZfz8Arcspcc=</latexit>

“� = w2
>�(W1x)”

<latexit sha1_base64="2stqtODv9AHrlJTN3IK3Nnv8nLs="></latexit>

lim
N!1

Eg = E�,⌫

⇣
f0(⌫)� f̂(�)

⌘2
�

<latexit sha1_base64="iqKVwoEHftqcz2nNNdD6Um2+dyQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIUY8FLx4r2A9oQ9lst+3azSbsToQQ+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJbCoOt+O4WNza3tneJuaW//4PCofHzSNlGiGW+xSEa6G1DDpVC8hQIl78aa0zCQvBNMb+d+54lrIyL1gGnM/ZCOlRgJRtFK7f6EIkkH5Ypbcxcg68TLSQVyNAflr/4wYknIFTJJjel5box+RjUKJvms1E8Mjymb0jHvWapoyI2fLa6dkQurDMko0rYUkoX6eyKjoTFpGNjOkOLErHpz8T+vl+Doxs+EihPkii0XjRJJMCLz18lQaM5QppZQpoW9lbAJ1ZShDahkQ/BWX14n7cuad1Wr39crjWoeRxHO4Byq4ME1NOAOmtACBo/wDK/w5kTOi/PufCxbC04+cwp/4Hz+AD2Yjtc=</latexit>

ŷ

y

<latexit sha1_base64="2Yrux2aUyODxkF/bzUAS/pg3y3Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx6r2A9oQ9lsJ+3SzSbsboQQ+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dkpr6xubW+Xtys7u3v5B9fCoreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7czvPKHSPJaPJkvQj+hI8pAzaqz0kJFBtebW3TnIKvEKUoMCzUH1qz+MWRqhNExQrXuemxg/p8pwJnBa6acaE8omdIQ9SyWNUPv5/NIpObPKkISxsiUNmau/J3IaaZ1Fge2MqBnrZW8m/uf1UhNe+zmXSWpQssWiMBXExGT2NhlyhcyIzBLKFLe3EjamijJjw6nYELzll1dJ+6LuXdZv7i9rDbeIowwncArn4MEVNOAOmtACBiE8wyu8ORPnxXl3PhatJaeYOYY/cD5/ADwfjSE=</latexit>

<latexit sha1_base64="786qfVq3+bjHO8Z56ZKcBwAY0fU=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCLlxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaSccX+d+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76eNOv1ty6OwNaJl5BalCg2a9++YOYpIJKQzjWuue5iQkyrAwjnE4rfqppgskYD2nPUokF1UE2yzxFJ1YZoChW9kmDZurvjQwLrScitJN5Rr3o5eJ/Xi810VWQMZmkhkoyPxSlHJkY5QWgAVOUGD6xBBPFbFZERlhhYmxNFVuCt/jlZdI+q3sXde/uvNZwizrKcATHcAoeXEIDbqEJLSCQwDO8wpuTOi/Ou/MxHy05xc4h/IHz+QMCB5Gc</latexit>

RD

<latexit sha1_base64="ePSU1apONKcrfzDjk9Ut1zULFzE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810ZWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1b2Lund7Xmu4RR1lOIJjOAUPLqEBN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNP2pL9</latexit>x
<latexit sha1_base64="9szgXLH8xGN7x3frUcfrDd/LfwI=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUREXRbcuKxgH9CEMpnctEMnkzAzEUvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJUs6Udpxva219Y3Nru7ZT393bPzi0jxo9lWSSQpcmPJGDgCjgTEBXM81hkEogccChH0xvS7//CFKxRDzoWQp+TMaCRYwSbaSR3fCChIdqFpsr9wLQpBjZTaflzIFXiVuRJqrQGdlfXpjQLAahKSdKDV0n1X5OpGaUQ1H3MgUpoVMyhqGhgsSg/HyevcBnRglxlEhzhMZz9fdGTmJVxjOTMdETteyV4n/eMNPRjZ8zkWYaBF08FGUc6wSXReCQSaCazwwhVDKTFdMJkYRqU1fdlOAuf3mV9C5a7lXLvb9stp2qjho6QafoHLnoGrXRHeqgLqLoCT2jV/RmFdaL9W59LEbXrGrnGP2B9fkDu6mU1g==</latexit>

�

<latexit sha1_base64="FsNyLHi+X2yfzzD82aGejxa3AbE="></latexit>

x ⇠ N (0, ID)



<latexit sha1_base64="aPZKMowApvSGCBc1VYJHS1Z3+Nk="></latexit>

y =

8
<

:

sign(�>x) with prob. �

�sign(�>x) with prob. 1��

Generalization in the random features model
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Gerace, F., et al ICML (2020)

Regression teacher Classification teacher

<latexit sha1_base64="1VIufSO1KNjai2eNTyeiZ71aqms=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTPwBuWKW3MXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbQva1695t5fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDS241p</latexit>

W1
<latexit sha1_base64="q784SbU6n5gSoiYGcmoQR6mI6PA=">AAAB+XicbVBPS8MwHP11/pvzX9Wjl+IQdhrtUPQ48OJxgtuErZQ0TbewNClJOhll38SLB0W8+k28+W1Mtx5080HI473fj7y8MGVUadf9tiobm1vbO9Xd2t7+weGRfXzSUyKTmHSxYEI+hkgRRjnpaqoZeUwlQUnISD+c3BZ+f0qkooI/6FlK/ASNOI0pRtpIgW0PQ8EiNUvMlT8FrXlg192mu4CzTryS1KFEJ7C/hpHAWUK4xgwpNfDcVPs5kppiRua1YaZIivAEjcjAUI4Sovx8kXzuXBglcmIhzeHaWai/N3KUqCKcmUyQHqtVrxD/8waZjm/8nPI004Tj5UNxxhwtnKIGJ6KSYM1mhiAsqcnq4DGSCGtTVs2U4K1+eZ30Wk3vquneX9bbjbKOKpzBOTTAg2towx10oAsYpvAMr/Bm5daL9W59LEcrVrlzCn9gff4A9OaTyA==</latexit>w2

<latexit sha1_base64="hLien1VAPUMwRgFAMwvUC3JRaGU=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBG6KjOi6LLgxmUF+4B2LJlMpg3NJEOSUcvQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YLG2Vt3d29/YrB4dtLVNFaItILlU3wJpyJmjLMMNpN1EUxwGnnWB8nfudB6o0k+LOTBLqx3goWMQINla67weSh3oS2yt7mg4qVbfuzoCWiVeQKhRoDipf/VCSNKbCEI617nluYvwMK8MIp9NyP9U0wWSMh7RnqcAx1X42Sz1Fp1YJUSSVPcKgmfp7I8OxzqPZyRibkV70cvE/r5ea6MrPmEhSQwWZPxSlHBmJ8gpQyBQlhk8swUQxmxWREVaYGFtU2ZbgLX55mbTP6t5F3b09rzZqRR0lOIYTqIEHl9CAG2hCCwgoeIZXeHMenRfn3fmYj644xc4R/IHz+QNMzJLz</latexit>x

<latexit sha1_base64="dHN7dsdJE7uXt01u2RyTDP24kH0=">AAAB83icbVDLSsNAFL3xWeur6tLNYBG6Kokouiy4cVnFPqCJMpnetkMnkzAzEUrob7hxoYhbf8adf+OkzUJbDwwczj2Xe+aEieDauO63s7K6tr6xWdoqb+/s7u1XDg7bOk4VwxaLRay6IdUouMSW4UZgN1FIo1BgJxxf5/POEyrNY3lvJgkGER1KPuCMGiv5fkTNKAyzu+lD87FSdevuDGSZeAWpQgHr//L7MUsjlIYJqnXPcxMTZFQZzgROy36qMaFsTIfYs1TSCHWQzTJPyalV+mQQK/ukITP190ZGI60nUWideUa9OMvF/2a91AyugozLJDUo2fzQIBXExCQvgPS5QmbExBLKFLdZCRtRRZmxNZVtCd7il5dJ+6zuXdTd2/Nqo1bUUYJjOIEaeHAJDbiBJrSAQQLP8ApvTuq8OO/Ox9y64hQ7R/AHzucPESmRng==</latexit>

RP

<latexit sha1_base64="xQlEZDbZGQ68WM81sQpW3jBr3Ds=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBG6KjOi6LKgC5dV7AM6Y8mkmTY0kwlJRihDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTSs60cd1vZ2V1bX1js7RV3t7Z3duvHBy2dZIqQlsk4YnqhlhTzgRtGWY47UpFcRxy2gnH17nfeaJKs0Q8mImkQYyHgkWMYGMl34+xGYVhdj99vOlXqm7dnQEtE68gVSjQ7Fe+/EFC0pgKQzjWuue50gQZVoYRTqdlP9VUYjLGQ9qzVOCY6iCbZZ6iU6sMUJQo+4RBM/X3RoZjrSdxaCfzjHrRy8X/vF5qoqsgY0KmhgoyPxSlHJkE5QWgAVOUGD6xBBPFbFZERlhhYmxNZVuCt/jlZdI+q3sXdffuvNqoFXWU4BhOoAYeXEIDbqEJLSAg4Rle4c1JnRfn3fmYj644xc4R/IHz+QP+6pGS</latexit>

RD

<latexit sha1_base64="iqKVwoEHftqcz2nNNdD6Um2+dyQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIUY8FLx4r2A9oQ9lst+3azSbsToQQ+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJbCoOt+O4WNza3tneJuaW//4PCofHzSNlGiGW+xSEa6G1DDpVC8hQIl78aa0zCQvBNMb+d+54lrIyL1gGnM/ZCOlRgJRtFK7f6EIkkH5Ypbcxcg68TLSQVyNAflr/4wYknIFTJJjel5box+RjUKJvms1E8Mjymb0jHvWapoyI2fLa6dkQurDMko0rYUkoX6eyKjoTFpGNjOkOLErHpz8T+vl+Doxs+EihPkii0XjRJJMCLz18lQaM5QppZQpoW9lbAJ1ZShDahkQ/BWX14n7cuad1Wr39crjWoeRxHO4Byq4ME1NOAOmtACBo/wDK/w5kTOi/PufCxbC04+cwp/4Hz+AD2Yjtc=</latexit>

ŷ

<latexit sha1_base64="OiVzHwunaQBbrHIv6as5/EPbJ2I="></latexit>

y = �>x+ ✏ with ✏ ⇠ N (0 , �)

double descent! slight double descent

double descent cancelled by appropriate regularization

<latexit sha1_base64="ttpl9/LWlSB3eHqwrh08AxlWkNs="></latexit>

min
w2RP

NX

µ=1

1

2

�
yµ �w>�(W1x

µ)
�2

+
�

2
kwk22

Data
Data



“hard phase”

The teacher-student paradigm: Recap
▷ The teacher-student scenario consist in creating

simple synthetic problem of learning
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studentteacher

training data
<latexit sha1_base64="Qi2P7H2nAdY/TYRuvhQ8veBTzcw=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5idTJIhM7vLTK+wLMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KYikMuu63U9jY3NreKe6W9vYPDo/KxyctEyWa8SaLZKQ7ATVcipA3UaDknVhzqgLJ28Hkfua3n7g2IgofMY25r+goFEPBKFqpkfbLFbfqzkHWiZeTCuSo98s/vUHEEsVDZJIa0/XcGP2MahRM8mmplxgeUzahI961NKSKGz+bHzolF1YZkGGkbYVI5urfiYwqY1IV2E5FcWxWvZn4n9dNcHjnZyKME+QhWywaJpJgRGZfk4HQnKFMLaFMC3srYWOqKUObzdIWpgItRmOc2mS81RzWSeuq6t1UvcZ1pebmGRXhDM7hEjy4hRo8QB2awIDDC7zCm/PsvDsfzueiteDkM6ewBOfrF+cqliw=</latexit>y <latexit sha1_base64="QS+osbFdbpdNYYlN9tTDLNJ1Jn0="></latexit>w

<latexit sha1_base64="L2+HZo0DvyaOawIcHhvQWCKHelI="></latexit>

ŷ = �(w>x)
<latexit sha1_base64="FmongCW/QL3mUNfUcR2igDGzf7Y=">AAACE3icbZDLSsNAFIYnXmu9RcWVm8EitCAlkaIuC25cVrAXaGOZTCft0JlJmJmIIeQxfAC3+gjuxK0P4BP4Gk7bLGzrDwc+/nMO5/D7EaNKO863tbK6tr6xWdgqbu/s7u3bB4ctFcYSkyYOWSg7PlKEUUGammpGOpEkiPuMtP3xzaTffiRS0VDc6yQiHkdDQQOKkTZW3z4up0/ZQ1oeV7JzmMygUuzbJafqTAWXwc2hBHI1+vZPbxDimBOhMUNKdV0n0l6KpKaYkazYixWJEB6jIekaFIgT5aXT9zN4ZpwBDEJpSmg4df9upIgrlXDfTHKkR2qxNzH/63VjHVx7KRVRrInAs0NBzKAO4SQLOKCSYM0SAwhLan6FeIQkwtokNncFc1/S4UhnJhl3MYdlaF1U3ctq7a5Wqjt5RgVwAk5BGbjgCtTBLWiAJsAgBS/gFbxZz9a79WF9zkZXrHznCMzJ+voFhkKdYw==</latexit>

(x (k), y (k))
<latexit sha1_base64="pi5TcwKxvlmxFhTxx4HIeBC6LxU=">AAACGHicbVDLSsNAFJ3UV62vqDvdDBahgpREiros6EI3UsE+oAlhMp20Q2eSMDMRSwj4HX6AW/0Ed+LWnV/gbzhpu7DVAxcO59zLvff4MaNSWdaXUVhYXFpeKa6W1tY3NrfM7Z2WjBKBSRNHLBIdH0nCaEiaiipGOrEgiPuMtP3hRe6374mQNArv1CgmLkf9kAYUI6Ulz9x7gI6kHDocqQFGLL3JKtYxvPYujzyzbFWtMeBfYk9JGUzR8MxvpxfhhJNQYYak7NpWrNwUCUUxI1nJSSSJER6iPulqGiJOpJuOf8jgoVZ6MIiErlDBsfp7IkVcyhH3dWd+qpz3cvE/r5uo4NxNaRgnioR4sihIGFQRzAOBPSoIVmykCcKC6lshHiCBsNKxzWzB3Be0P1CZTsaez+EvaZ1U7dNq7bZWrlvTjIpgHxyACrDBGaiDK9AATYDBI3gGL+DVeDLejHfjY9JaMKYzu2AGxucPZxmfcw==</latexit>

x ⇠ N (0, ID)
<latexit sha1_base64="+Qu3DWuNUjUKfMlBxdykghYbtmY=">AAACAnicbVDLSsNAFJ3UV62vqks3g0VwVRIRdVlw47KCfUAbymQ6acbOTMLMjRBCd36AW/0Ed+LWH/EL/A2nbRa29cCFwzn3cu89QSK4Adf9dkpr6xubW+Xtys7u3v5B9fCobeJUU9aisYh1NyCGCa5YCzgI1k00IzIQrBOMb6d+54lpw2P1AFnCfElGioecErBSux8RwNmgWnPr7gx4lXgFqaECzUH1pz+MaSqZAiqIMT3PTcDPiQZOBZtU+qlhCaFjMmI9SxWRzPj57NoJPrPKEIextqUAz9S/EzmRxmQysJ2SQGSWvan4n9dLIbzxc66SFJii80VhKjDEePo6HnLNKIjMEkI1t7diGhFNKNiAFrZQGWg+imBik/GWc1gl7Yu6d1W/vL+sNdwiozI6QafoHHnoGjXQHWqiFqLoEb2gV/TmPDvvzofzOW8tOcXMMVqA8/ULZ3WYGg==</latexit>

ŷ
<latexit sha1_base64="8ynS+T8kHG9WE3KiBSyc0xNzQNA=">AAAB/3icdVDLSsNAFJ34rPVVdelmsAjiIiQxtHVXcOOyon1AG8tkOkmHziRhZqKU0IUf4FY/wZ249VP8An/DSVvBih64cDjnXu69x08YlcqyPoyl5ZXVtfXCRnFza3tnt7S335JxKjBp4pjFouMjSRiNSFNRxUgnEQRxn5G2P7rI/fYdEZLG0Y0aJ8TjKIxoQDFSWrq+vz3tl8qWeV6rOG4FWqZlVW3HzolTdc9caGslRxnM0eiXPnuDGKecRAozJGXXthLlZUgoihmZFHupJAnCIxSSrqYR4kR62fTUCTzWygAGsdAVKThVf05kiEs55r7u5EgN5W8vF//yuqkKal5GoyRVJMKzRUHKoIph/jccUEGwYmNNEBZU3wrxEAmElU5nYQvmvqDhUE10Mt/vw/9JyzHtiuleueW6Nc+oAA7BETgBNqiCOrgEDdAEGITgETyBZ+PBeDFejbdZ65IxnzkACzDevwBvDZcL</latexit>

w ⇤

<latexit sha1_base64="ppx9uHlLtwpaaZL3CLiGHLG8peQ="></latexit>

y = �(w ⇤>x)

▷ Matched teacher and student: Bayes optimal setting. 
Information theoretic limit is not always achievable in 
reasonnable time: computational gaps.

▷ In mis-matched case we can observe the
double descent phenonenon in
overparametrized model.

<latexit sha1_base64="1VIufSO1KNjai2eNTyeiZ71aqms=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTPwBuWKW3MXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbQva1695t5fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDS241p</latexit>

W1
<latexit sha1_base64="q784SbU6n5gSoiYGcmoQR6mI6PA=">AAAB+XicbVBPS8MwHP11/pvzX9Wjl+IQdhrtUPQ48OJxgtuErZQ0TbewNClJOhll38SLB0W8+k28+W1Mtx5080HI473fj7y8MGVUadf9tiobm1vbO9Xd2t7+weGRfXzSUyKTmHSxYEI+hkgRRjnpaqoZeUwlQUnISD+c3BZ+f0qkooI/6FlK/ASNOI0pRtpIgW0PQ8EiNUvMlT8FrXlg192mu4CzTryS1KFEJ7C/hpHAWUK4xgwpNfDcVPs5kppiRua1YaZIivAEjcjAUI4Sovx8kXzuXBglcmIhzeHaWai/N3KUqCKcmUyQHqtVrxD/8waZjm/8nPI004Tj5UNxxhwtnKIGJ6KSYM1mhiAsqcnq4DGSCGtTVs2U4K1+eZ30Wk3vquneX9bbjbKOKpzBOTTAg2towx10oAsYpvAMr/Bm5daL9W59LEcrVrlzCn9gff4A9OaTyA==</latexit>w2

<latexit sha1_base64="hLien1VAPUMwRgFAMwvUC3JRaGU=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBG6KjOi6LLgxmUF+4B2LJlMpg3NJEOSUcvQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YLG2Vt3d29/YrB4dtLVNFaItILlU3wJpyJmjLMMNpN1EUxwGnnWB8nfudB6o0k+LOTBLqx3goWMQINla67weSh3oS2yt7mg4qVbfuzoCWiVeQKhRoDipf/VCSNKbCEI617nluYvwMK8MIp9NyP9U0wWSMh7RnqcAx1X42Sz1Fp1YJUSSVPcKgmfp7I8OxzqPZyRibkV70cvE/r5ea6MrPmEhSQwWZPxSlHBmJ8gpQyBQlhk8swUQxmxWREVaYGFtU2ZbgLX55mbTP6t5F3b09rzZqRR0lOIYTqIEHl9CAG2hCCwgoeIZXeHMenRfn3fmYj644xc4R/IHz+QNMzJLz</latexit>x

<latexit sha1_base64="dHN7dsdJE7uXt01u2RyTDP24kH0=">AAAB83icbVDLSsNAFL3xWeur6tLNYBG6Kokouiy4cVnFPqCJMpnetkMnkzAzEUrob7hxoYhbf8adf+OkzUJbDwwczj2Xe+aEieDauO63s7K6tr6xWdoqb+/s7u1XDg7bOk4VwxaLRay6IdUouMSW4UZgN1FIo1BgJxxf5/POEyrNY3lvJgkGER1KPuCMGiv5fkTNKAyzu+lD87FSdevuDGSZeAWpQgHr//L7MUsjlIYJqnXPcxMTZFQZzgROy36qMaFsTIfYs1TSCHWQzTJPyalV+mQQK/ukITP190ZGI60nUWideUa9OMvF/2a91AyugozLJDUo2fzQIBXExCQvgPS5QmbExBLKFLdZCRtRRZmxNZVtCd7il5dJ+6zuXdTd2/Nqo1bUUYJjOIEaeHAJDbiBJrSAQQLP8ApvTuq8OO/Ox9y64hQ7R/AHzucPESmRng==</latexit>

RP

<latexit sha1_base64="xQlEZDbZGQ68WM81sQpW3jBr3Ds=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBG6KjOi6LKgC5dV7AM6Y8mkmTY0kwlJRihDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTSs60cd1vZ2V1bX1js7RV3t7Z3duvHBy2dZIqQlsk4YnqhlhTzgRtGWY47UpFcRxy2gnH17nfeaJKs0Q8mImkQYyHgkWMYGMl34+xGYVhdj99vOlXqm7dnQEtE68gVSjQ7Fe+/EFC0pgKQzjWuue50gQZVoYRTqdlP9VUYjLGQ9qzVOCY6iCbZZ6iU6sMUJQo+4RBM/X3RoZjrSdxaCfzjHrRy8X/vF5qoqsgY0KmhgoyPxSlHJkE5QWgAVOUGD6xBBPFbFZERlhhYmxNZVuCt/jlZdI+q3sXdffuvNqoFXWU4BhOoAYeXEIDbqEJLSAg4Rle4c1JnRfn3fmYj644xc4R/IHz+QP+6pGS</latexit>

RD

QUESTIONS?

examples: 
perceptron + 

committee machine (2-layer) 

example: 
perceptron teacher w. 

random feature student



Scope of today’s lecture

▷ The teacher-student paradigm

▷ Models of data structure 

▷ Dynamics of learning
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Discuss classical and recent litterature to give you an idea of what can be
studied in machine learning with the statistical mechanics point of view.



Towards more realistic models of data

▷ Sturcture in between the input and outputs
(e.g. Neural network teacher models)

▷ Structure in the input

20

degree of structure /
realism

solvability /
interpretability

white noise CIFAR images?

<latexit sha1_base64="4qD0VKzh9farf90ekk2eagSWy60=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqiRS1GVBFy6r2Ac0scxMJ+3QySTMTKQl9Cf8ALf6Ce7ErX/gF/gbTtosbOuBC4dz7uUeDo45U9pxvq3C2vrG5lZxu7Szu7d/YB+WWypKJKFNEvFIdjBSlDNBm5ppTjuxpCjEnLbx6Drz209UKhaJBz2JqR+igWABI0gbqWeXx9BjAnoh0kOM0/vp403PrjhVZwa4StycVECORs/+8foRSUIqNOFIqa7rxNpPkdSMcDoteYmiMSIjNKBdQwUKqfLTWfYpPDVKHwaRNCM0nKl/L1IUKjUJsdnMMqplLxP/87qJDq78lIk40VSQ+aMg4VBHMCsC9pmkRPOJIYhIZrJCMkQSEW3qWvhCQizZYKinphl3uYdV0jqvuhfV2l2tUnfyjorgGJyAM+CCS1AHt6ABmoCAMXgBr+DNerberQ/rc75asPKbI7AA6+sX5bidMg==</latexit>

x 2 RD <latexit sha1_base64="Qi2P7H2nAdY/TYRuvhQ8veBTzcw=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5idTJIhM7vLTK+wLMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KYikMuu63U9jY3NreKe6W9vYPDo/KxyctEyWa8SaLZKQ7ATVcipA3UaDknVhzqgLJ28Hkfua3n7g2IgofMY25r+goFEPBKFqpkfbLFbfqzkHWiZeTCuSo98s/vUHEEsVDZJIa0/XcGP2MahRM8mmplxgeUzahI961NKSKGz+bHzolF1YZkGGkbYVI5urfiYwqY1IV2E5FcWxWvZn4n9dNcHjnZyKME+QhWywaJpJgRGZfk4HQnKFMLaFMC3srYWOqKUObzdIWpgItRmOc2mS81RzWSeuq6t1UvcZ1pebmGRXhDM7hEjy4hRo8QB2awIDDC7zCm/PsvDsfzueiteDkM6ewBOfrF+cqliw=</latexit>y

<latexit sha1_base64="Ir5j9yfCHEfvK++rKGb/qLfZ/1c=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqiRS1GXBjeCmin1AG8vMdNIOnUzCzESsIT/hB7jVT3Anbv0Dv8DfcNJmYVsPXDiccy/3cHDEmdKO820VVlbX1jeKm6Wt7Z3dPXu/3FJhLAltkpCHsoORopwJ2tRMc9qJJEUB5rSNx5eZ336gUrFQ3OlJRL0ADQXzGUHaSH27/AR7TMBegPQI4+Q2vb/u2xWn6kwBl4mbkwrI0ejbP71BSOKACk04UqrrOpH2EiQ1I5ympV6saITIGA1p11CBAqq8ZJo9hcdGGUA/lGaEhlP170WCAqUmATabWUa16GXif1431v6FlzARxZoKMnvkxxzqEGZFwAGTlGg+MQQRyUxWSEZIIqJNXXNfSIAlG450appxF3tYJq3TqntWrd3UKnUn76gIDsEROAEuOAd1cAUaoAkIeAQv4BW8Wc/Wu/Vhfc5WC1Z+cwDmYH39AvQ7nTs=</latexit>

z 2 RK

<latexit sha1_base64="MX14z260uNV9vBNC6+BC/z34PPA=">AAACAXicdVDLSsNAFJ3UV62vqks3g0UQFyGJoa27ghuXFUxbaGOZTCft0MkkzEyUErryA9zqJ7gTt36JX+BvOGkrWNEDFw7n3Mu99wQJo1JZ1odRWFldW98obpa2tnd298r7By0ZpwITD8csFp0AScIoJ56iipFOIgiKAkbawfgy99t3REga8xs1SYgfoSGnIcVIacm7vz3rO/1yxTIv6lXHrULLtKya7dg5cWruuQttreSogAWa/fJnbxDjNCJcYYak7NpWovwMCUUxI9NSL5UkQXiMhqSrKUcRkX42O3YKT7QygGEsdHEFZ+rPiQxFUk6iQHdGSI3kby8X//K6qQrrfkZ5kirC8XxRmDKoYph/DgdUEKzYRBOEBdW3QjxCAmGl81nagqNA0OFITXUy3+/D/0nLMe2q6V67lYa1yKgIjsAxOAU2qIEGuAJN4AEMKHgET+DZeDBejFfjbd5aMBYzh2AJxvsXox6XsA==</latexit>

w ⇤2
<latexit sha1_base64="O7Ks6tjpXX9+70eu6pAq6rHv0G4=">AAACAXicdVDLSsNAFJ34rPVVdelmsAjiIiQ1tHVXcOOygmkLbSyT6aQdOjMJMxOhhK78ALf6Ce7ErV/iF/gbTtoKVvTAhcM593LvPWHCqNKO82GtrK6tb2wWtorbO7t7+6WDw5aKU4mJj2MWy06IFGFUEF9TzUgnkQTxkJF2OL7K/fY9kYrG4lZPEhJwNBQ0ohhpI/ntu/O+2y+VHfuyXq14VejYjlNzK25OKjXvwoOuUXKUwQLNfumzN4hxyonQmCGluq6T6CBDUlPMyLTYSxVJEB6jIekaKhAnKshmx07hqVEGMIqlKaHhTP05kSGu1ISHppMjPVK/vVz8y+umOqoHGRVJqonA80VRyqCOYf45HFBJsGYTQxCW1NwK8QhJhLXJZ2kL5qGkw5GemmS+34f/k1bFdqu2d+OVG84iowI4BifgDLigBhrgGjSBDzCg4BE8gWfrwXqxXq23eeuKtZg5Akuw3r8AbeWXjw==</latexit>

W ⇤1<latexit sha1_base64="Qi2P7H2nAdY/TYRuvhQ8veBTzcw=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5idTJIhM7vLTK+wLMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KYikMuu63U9jY3NreKe6W9vYPDo/KxyctEyWa8SaLZKQ7ATVcipA3UaDknVhzqgLJ28Hkfua3n7g2IgofMY25r+goFEPBKFqpkfbLFbfqzkHWiZeTCuSo98s/vUHEEsVDZJIa0/XcGP2MahRM8mmplxgeUzahI961NKSKGz+bHzolF1YZkGGkbYVI5urfiYwqY1IV2E5FcWxWvZn4n9dNcHjnZyKME+QhWywaJpJgRGZfk4HQnKFMLaFMC3srYWOqKUObzdIWpgItRmOc2mS81RzWSeuq6t1UvcZ1pebmGRXhDM7hEjy4hRo8QB2awIDDC7zCm/PsvDsfzueiteDkM6ewBOfrF+cqliw=</latexit>y
<latexit sha1_base64="BBk7bpSG8u/C+tAek1+maLsfjSQ=">AAAB/XicdVDLSsNAFJ3UV62vqks3g0VwFSYxtHVXcOOyBdsKbSiT6aQdOpOEmYlSQvED3OonuBO3fotf4G84aStY0QMXDufcy733BAlnSiP0YRXW1jc2t4rbpZ3dvf2D8uFRR8WpJLRNYh7L2wAryllE25ppTm8TSbEIOO0Gk6vc795RqVgc3ehpQn2BRxELGcHaSK37QbmC7Mt61fWqENkI1RzXyYlb8y486BglRwUs0RyUP/vDmKSCRppwrFTPQYn2Myw1I5zOSv1U0QSTCR7RnqERFlT52fzQGTwzyhCGsTQVaThXf05kWCg1FYHpFFiP1W8vF//yeqkO637GoiTVNCKLRWHKoY5h/jUcMkmJ5lNDMJHM3ArJGEtMtMlmZQsRgWSjsZ6ZZL7fh/+Tjms7VdtreZUGWmZUBCfgFJwDB9RAA1yDJmgDAih4BE/g2XqwXqxX623RWrCWM8dgBdb7F0p2lm8=</latexit>w

<latexit sha1_base64="4qD0VKzh9farf90ekk2eagSWy60=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqiRS1GVBFy6r2Ac0scxMJ+3QySTMTKQl9Cf8ALf6Ce7ErX/gF/gbTtosbOuBC4dz7uUeDo45U9pxvq3C2vrG5lZxu7Szu7d/YB+WWypKJKFNEvFIdjBSlDNBm5ppTjuxpCjEnLbx6Drz209UKhaJBz2JqR+igWABI0gbqWeXx9BjAnoh0kOM0/vp403PrjhVZwa4StycVECORs/+8foRSUIqNOFIqa7rxNpPkdSMcDoteYmiMSIjNKBdQwUKqfLTWfYpPDVKHwaRNCM0nKl/L1IUKjUJsdnMMqplLxP/87qJDq78lIk40VSQ+aMg4VBHMCsC9pmkRPOJIYhIZrJCMkQSEW3qWvhCQizZYKinphl3uYdV0jqvuhfV2l2tUnfyjorgGJyAM+CCS1AHt6ABmoCAMXgBr+DNerberQ/rc75asPKbI7AA6+sX5bidMg==</latexit>

x 2 RD



▷ Structure in the inputs

▷ Structure input-output (teacher) and learning model (student)
(as we just discussed)

▷ Generalization error (high-dimensional limit)
(replica computation)

Simple model for data structure:
Salient and weak features model

21

<latexit sha1_base64="ZZLZd5HmBcUsjQKC//gCFe/PVZY="></latexit>

D = {xi , yi}Ni=1
training data

<latexit sha1_base64="hLien1VAPUMwRgFAMwvUC3JRaGU=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBG6KjOi6LLgxmUF+4B2LJlMpg3NJEOSUcvQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YLG2Vt3d29/YrB4dtLVNFaItILlU3wJpyJmjLMMNpN1EUxwGnnWB8nfudB6o0k+LOTBLqx3goWMQINla67weSh3oS2yt7mg4qVbfuzoCWiVeQKhRoDipf/VCSNKbCEI617nluYvwMK8MIp9NyP9U0wWSMh7RnqcAx1X42Sz1Fp1YJUSSVPcKgmfp7I8OxzqPZyRibkV70cvE/r5ea6MrPmEhSQwWZPxSlHBmJ8gpQyBQlhk8swUQxmxWREVaYGFtU2ZbgLX55mbTP6t5F3b09rzZqRR0lOIYTqIEHl9CAG2hCCwgoeIZXeHMenRfn3fmYj644xc4R/IHz+QNMzJLz</latexit>x
<latexit sha1_base64="sWM+nmhkt6EpDzMMmFCeUDvXr+s=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoseCF48t2A9oQ9lsJ+3azSbsboRQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPJkvQj+hI8pAzaqzUzAbliltzFyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvwpVYYzgbNSP9WYUDahI+xZKmmE2p8uDp2RC6sMSRgrW9KQhfp7YkojrbMosJ0RNWO96s3F/7xeasJbf8plkhqUbLkoTAUxMZl/TYZcITMis4Qyxe2thI2poszYbEo2BG/15XXSvqx51zW3eVWpV/M4inAG51AFD26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwB4T2M5w==</latexit>y

student

<latexit sha1_base64="loBPp8uCSweAX2YatjiiXAedXPI=">AAACCHicbVDLSgMxFM3UV62vqks3wSJ0VWZE1GXBjcsq9gGdsSSZTBuaZIYkI5ShP+AHuNVPcCdu/Qu/wN8w087Cth64cDjnXu7h4IQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWPYw05UzStmGG016iKBKY0y4e3+R+94kqzWL5YCYJDQQaShYxgoyVfF8gM8I4u58+hoNqzW24M8BV4hWkBgq0BtUfP4xJKqg0hCOt+56bmCBDyjDC6bTip5omiIzRkPYtlUhQHWSzzFN4ZpUQRrGyIw2cqX8vMiS0nghsN/OMetnLxf+8fmqi6yBjMkkNlWT+KEo5NDHMC4AhU5QYPrEEEcVsVkhGSCFibE0LX4jAig1HZmqb8ZZ7WCWd84Z32fDuLmrNetFRGZyAU1AHHrgCTXALWqANCEjAC3gFb86z8+58OJ/z1ZJT3ByDBThfv4+Gmu8=</latexit>

Rd

<latexit sha1_base64="+nbWVxuBFrEIwCDaLD1nY2183PE="></latexit>

ŷ = f̂
�
✓>�(Wx)

�

<latexit sha1_base64="z4PcJsnMU+bGzJRiXrkLX27gUmA=">AAACCHicbVDLSsNAFL3xWeur6tLNYBG6KomIuiy4cVnFPqCJMplO2qEzkzAzEUroD/gBbvUT3Ilb/8Iv8DectFnY1gMXDuecy72cMOFMG9f9dlZW19Y3Nktb5e2d3b39ysFhW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wdJ37nSeqNIvlvRknNBB4IFnECDZW8n2BzTAMs7vJQ/OxUnXr7hRomXgFqUIBm//x+zFJBZWGcKx1z3MTE2RYGUY4nZT9VNMEkxEe0J6lEguqg2z68wSdWqWPoljZkQZN1b8bGRZaj0Vok/mPetHLxf+8XmqiqyBjMkkNlWR2KEo5MjHKC0B9pigxfGwJJorZXxEZYoWJsTXNXSEiVGwwNBPbjLfYwzJpn9W9i7p3e15t1IqOSnAMJ1ADDy6hATfQhBYQSOAFXuHNeXbenQ/ncxZdcYqdI5iD8/ULb5Ka2w==</latexit>

RP

<latexit sha1_base64="BQ4ZGZqvHxgmouxMTZracdCQZfE=">AAAB/XicbVDLSgNBEJz1GeMr6tHLYhByCrsi6jHgxWMC5gHJEmYnvcmQmdllplcIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuurvCRHCDnvftbGxube/sFvaK+weHR8elk9OWiVPNoMliEetOSA0IrqCJHAV0Eg1UhgLa4fh+5refQBseq0ecJBBIOlQ84oyilRrtfqnsVb053HXi56RMctT7pZ/eIGapBIVMUGO6vpdgkFGNnAmYFnupgYSyMR1C11JFJZggmx86dS+tMnCjWNtS6M7VvxMZlcZMZGg7JcWRWfVm4n9eN8XoLsi4SlIExRaLolS4GLuzr90B18BQTCyhTHN7q8tGVFOGNpulLUyGmg9HOLXJ+Ks5rJPWVdW/qfqN63KtkmdUIOfkglSIT25JjTyQOmkSRoC8kFfy5jw7786H87lo3XDymTOyBOfrF65wlgI=</latexit>

W
<latexit sha1_base64="qU6HmpDgEWQEuRaSu6HpcYZftew=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBByCrsi6jHgxWME84BkCbOT2eyY2dllplcIITc/wKt+gjfx6o/4Bf6Gk2QPJrGgoajqprsrSKUw6Lrfztr6xubWdmGnuLu3f3BYOjpumiTTjDdYIhPdDqjhUijeQIGSt1PNaRxI3gqGt1O/9cS1EYl6wFHK/ZgOlAgFo2ilZhcjjrRXKrtVdwaySryclCFHvVf66fYTlsVcIZPUmI7npuiPqUbBJJ8Uu5nhKWVDOuAdSxWNufHHs2sn5NwqfRIm2pZCMlP/ToxpbMwoDmxnTDEyy95U/M/rZBje+GOh0gy5YvNFYSYJJmT6OukLzRnKkSWUaWFvJSyimjK0AS1sYXGgxSDCiU3GW85hlTQvqt5V1bu/LNcqeUYFOIUzqIAH11CDO6hDAxg8wgu8wpvz7Lw7H87nvHXNyWdOYAHO1y/K0phP</latexit>

✓y

<latexit sha1_base64="2Yrux2aUyODxkF/bzUAS/pg3y3Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx6r2A9oQ9lsJ+3SzSbsboQQ+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dkpr6xubW+Xtys7u3v5B9fCoreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7czvPKHSPJaPJkvQj+hI8pAzaqz0kJFBtebW3TnIKvEKUoMCzUH1qz+MWRqhNExQrXuemxg/p8pwJnBa6acaE8omdIQ9SyWNUPv5/NIpObPKkISxsiUNmau/J3IaaZ1Fge2MqBnrZW8m/uf1UhNe+zmXSWpQssWiMBXExGT2NhlyhcyIzBLKFLe3EjamijJjw6nYELzll1dJ+6LuXdZv7i9rDbeIowwncArn4MEVNOAOmtACBiE8wyu8ORPnxXl3PhatJaeYOYY/cD5/ADwfjSE=</latexit>

<latexit sha1_base64="ePSU1apONKcrfzDjk9Ut1zULFzE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810ZWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1b2Lund7Xmu4RR1lOIJjOAUPLqEBN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNP2pL9</latexit>x

teacher
<latexit sha1_base64="3GowMfiYi/lQsLZDl4uIGq878MM=">AAACJXicbVDLSsNAFJ3UV31XXboZLGLdlERE3QiCG5cVbC00sUymN+3QyYOZG7GEfILf4Qe41U9wJ4Irl/6G0zYLXwcuHM65L46fSKHRtt+t0szs3PxCeXFpeWV1bb2ysdnScao4NHksY9X2mQYpImiiQAntRAELfQnX/vB87F/fgtIijq5wlIAXsn4kAsEZGqlb2RvRUxrc2DUX4Q4n+zIFvTxzfUCW37gYJ/Run3YrVbtuT0D/EqcgVVKg0a18ur2YpyFEyCXTuuPYCXoZUyi4hHzJTTUkjA9ZHzqGRiwE7WWTB3K6a5QeDWJlKkI6Ub9PZCzUehT6pjNkONC/vbH4n9dJMTjxMhElKULEp4eCVFKM6Tgd2hMKOMqRIYwrYX6lfMAU42gy/HGFh74S/QHmJhnndw5/Seug7hzVncvD6pldZFQm22SH1IhDjskZuSAN0iSc3JNH8kSerQfrxXq13qatJauY2SI/YH18AS/PpcM=</latexit>

y = f 0(�>x)
<latexit sha1_base64="LP7gqf9Lf8KE6yZelRSOV8D4X3g=">AAACAXicdVDLSsNAFJ34rPVVdelmsAiuQhJDW3cFNy4rmLbQhjKZTtqhkwczN0IJXfkBbvUT3Ilbv8Qv8DectBWs6IELh3Pu5d57glRwBZb1Yaytb2xubZd2yrt7+weHlaPjtkoySZlHE5HIbkAUEzxmHnAQrJtKRqJAsE4wuS78zj2TiifxHUxT5kdkFPOQUwJa8voBAzKoVC3zqlFz3Bq2TMuq245dEKfuXrrY1kqBKlqiNah89ocJzSIWAxVEqZ5tpeDnRAKngs3K/UyxlNAJGbGepjGJmPLz+bEzfK6VIQ4TqSsGPFd/TuQkUmoaBbozIjBWv71C/MvrZRA2/JzHaQYspotFYSYwJLj4HA+5ZBTEVBNCJde3YjomklDQ+axsoVEg+WgMM53M9/v4f9J2TLtm2rdutWktMyqhU3SGLpCN6qiJblALeYgijh7RE3o2HowX49V4W7SuGcuZE7QC4/0LSIqYFQ==</latexit>

�

<latexit sha1_base64="AMdmTYBx5AKi7EVCYH6jBRxMGX8="></latexit>

Eg = Ex
h
(y(x)� ŷ(x ; ✓))2

i
⇡ lim
d!1

E�ED [Eg] = Eg,`(↵, �,�x,12,��,12)
<latexit sha1_base64="sbYrUWozFc+W9Mxakm2sNHefDlQ="></latexit>

(d !1, P !1, N !1, � = P/d = O(1),↵ = N/d = O(1))

d’Ascoli, S., Gabrié, M., Sagun, L., & Biroli, G. (2021).  More data or more parameters ? Investigating the effect of data 
structure on generalization.  ArXiv Preprint, 2103.05524.

Data

Model

Algorithm

2 cases:  - isotropiques

- anisotropique
structurée

<latexit sha1_base64="xmEDgG+UAbY4Ft4N5meo/SXuOOw=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAIqcKuKFoGbCwjmAckS5id3E2GzD6YuSuGZRt/xcZCEVs/w86/cZJsoYkHBg7n3Hvn3uMnUmh0nG9rZXVtfWOztFXe3tnd27cPDls6ThWHJo9lrDo+0yBFBE0UKKGTKGChL6Htj2+mfvsBlBZxdI+TBLyQDSMRCM7QSH37uIfwiJlmUkCEVKe+ThiHvG9XnJozA10mbkEqpECjb3/1BjFPQzOFS6Z113US9DKmUHAJebmXajCTx2wIXUMjFoL2stkBOT0zyoAGsTLPbDFTf3dkLNR6EvqmMmQ40oveVPzP66YYXHuZiJIUIeLzj4JUUozpNA06EAo4yokhjCthdqV8xBTjaDIrmxDcxZOXSeu85l7WnLuLSr1axFEiJ+SUVIlLrkid3JIGaRJOcvJMXsmb9WS9WO/Wx7x0xSp6jsgfWJ8/np+W+g==</latexit>

salient subspace

<latexit sha1_base64="rymShwQ6GQIjPYXH1RnjlUyc6hk=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiDkFGZE0WPAi8cIZoFkCD2dmqRJz0J3jRqH4K948aCIV//Dm39jJ5mDJj4oeLxX1V31/EQKjY7zbS0tr6yurRc2iptb2zu79t5+Q8ep4lDnsYxVy2capIigjgIltBIFLPQlNP3h1cRv3oHSIo5ucZSAF7J+JALBGRqpax92EB4wuwc2pDr1dcI4jLt2yak4U9BF4uakRHLUuvZXpxfzNIQIuWRat10nQS9jCgWXMC52Ug3m5SHrQ9vQiIWgvWy6/ZieGKVHg1iZipBO1d8TGQu1HoW+6QwZDvS8NxH/89opBpdeJqIkRYj47KMglRRjOomC9oQCjnJkCONKmF0pHzDFOJrAiiYEd/7kRdI4rbjnFefmrFQt53EUyBE5JmXikgtSJdekRuqEk0fyTF7Jm/VkvVjv1sesdcnKZw7IH1ifPyMSlZQ=</latexit>

weak subspace

<latexit sha1_base64="rIGMtLWMQ+uWNdiVQDDPcgLP8js=">AAACEHicbVDLSsNAFJ34rPUV69LNYBG6KomIuiy4cVnFPqCNZWYyaYdOJmFmIi0hP+EHuNVPcCdu/QO/wN9w0mZhWw9cOJxzL/dwcMyZ0o7zba2tb2xubZd2yrt7+weH9lGlraJEEtoiEY9kFyNFORO0pZnmtBtLikLMaQePb3K/80SlYpF40NOYeiEaChYwgrSRBnZlAvtMwH6I9Ajj9D579Ad21ak7M8BV4hakCgo0B/ZP349IElKhCUdK9Vwn1l6KpGaE06zcTxSNERmjIe0ZKlBIlZfOsmfwzCg+DCJpRmg4U/9epChUahpis5lnVMteLv7n9RIdXHspE3GiqSDzR0HCoY5gXgT0maRE86khiEhmskIyQhIRbepa+EJCLNlwpDPTjLvcwyppn9fdy7p7d1Ft1IqOSuAEnIIacMEVaIBb0AQtQMAEvIBX8GY9W+/Wh/U5X12ziptjsADr6xcViZ1H</latexit>

x 2 Rd

<latexit sha1_base64="GEQJSdluUX8lRMaCMey0jOiJZU4=">AAACAXicdVDLSsNAFJ3UV62vqks3g0XoKiQ1tHVXcOOygmkLbSiT6aQdOnkwcyOU0JUf4FY/wZ249Uv8An/DSVvBih64cDjnXu69x08EV2BZH0ZhY3Nre6e4W9rbPzg8Kh+fdFScSspcGotY9nyimOARc4GDYL1EMhL6gnX96XXud++ZVDyO7mCWMC8k44gHnBLQkjvwGZBhuWKZV816zaljy7Sshl2zc1JrOJcOtrWSo4JWaA/Ln4NRTNOQRUAFUapvWwl4GZHAqWDz0iBVLCF0Ssasr2lEQqa8bHHsHF9oZYSDWOqKAC/UnxMZCZWahb7uDAlM1G8vF//y+ikETS/jUZICi+hyUZAKDDHOP8cjLhkFMdOEUMn1rZhOiCQUdD5rW2joSz6ewFwn8/0+/p90aqZdN+1bp9KqrjIqojN0jqrIRg3UQjeojVxEEUeP6Ak9Gw/Gi/FqvC1bC8Zq5hStwXj/AkYimA0=</latexit>

�
<latexit sha1_base64="MKY30i7MkNoYgLSFuW1h9kYQCco="></latexit>

⌃x =


�x,1I�1d 0
0 �x,2I�2d

�

<latexit sha1_base64="u83TEg3Tq8YlgHgHZVi/9k652c4=">AAACCnicbVDLSsNAFL2pr1pfVZduBovgqiQi6kYouNFdRfuANobJZJIOnUnCzEQspX/gB7jVT3Anbv0Jv8DfcNpmYVsPXDiccy/ncvyUM6Vt+9sqLC2vrK4V10sbm1vbO+XdvaZKMklogyQ8kW0fK8pZTBuaaU7bqaRY+Jy2/P7V2G89UqlYEt/rQUpdgaOYhYxgbaSH7h2LBPae0CW68QKvXLGr9gRokTg5qUCOulf+6QYJyQSNNeFYqY5jp9odYqkZ4XRU6maKppj0cUQ7hsZYUOUOJ1+P0JFRAhQm0kys0UT9ezHEQqmB8M2mwLqn5r2x+J/XyXR44Q5ZnGaaxmQaFGYc6QSNK0ABk5RoPjAEE8nMr4j0sMREm6JmUojwJYt6emSaceZ7WCTNk6pzVj29Pa3U7LyjIhzAIRyDA+dQg2uoQwMISHiBV3iznq1368P6nK4WrPxmH2Zgff0CoUCa5Q==</latexit>

⌃x = Id

<latexit sha1_base64="7Xa2pPl9rN+rZdgzk3EGqOCbxq0=">AAACHXicbVDLSsNAFJ3UV62vqEsXDhahgpREirosuHElFe0DmlAm02k6dCYJMxNpCVn6HX6AW/0Ed+JW/AJ/w0mbha0euHA4517uvceLGJXKsr6MwtLyyupacb20sbm1vWPu7rVkGAtMmjhkoeh4SBJGA9JUVDHSiQRB3GOk7Y2uMr/9QISkYXCvJhFxOfIDOqAYKS31zMMxdCTl0OFIDTFiyU1asU6hc0d9jnrjk55ZtqrWFPAvsXNSBjkaPfPb6Yc45iRQmCEpu7YVKTdBQlHMSFpyYkkihEfIJ11NA8SJdJPpIyk81kofDkKhK1Bwqv6eSBCXcsI93ZndKxe9TPzP68ZqcOkmNIhiRQI8WzSIGVQhzFKBfSoIVmyiCcKC6lshHiKBsNLZzW3B3BPUH6pUJ2Mv5vCXtM6q9nm1dlsr1608oyI4AEegAmxwAergGjRAE2DwCJ7BC3g1now34934mLUWjHxmH8zB+PwB3pKh3Q==</latexit>

x ⇠ N (0,⌃x)Data



isotropic
structured

▷ The structure in the data is detected during training before the overfitting peak

▷ Double descent is exacerbated by the data structure when aligned with the task

Effect of data structure on double descent 22

theory d → ∞
simulations d = 100

# parameters / # input dimension
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r

<latexit sha1_base64="+BCxVJUvBn8V8cCEU64xCL47cfc=">AAACK3icbVDLSgMxFM3UR2t9tbp0EyyCqzIjoi4LIrisYB/QjiWTyUxDk8yQZIplmP9wq3u/xpXi1v8w087Cth4IHM659+ZwvJhRpW370yptbG5tlys71d29/YPDWv2oq6JEYtLBEYtk30OKMCpIR1PNSD+WBHGPkZ43uc393pRIRSPxqGcxcTkKBQ0oRtpIT0OO9Bgjlt5loxCOag27ac8B14lTkAYo0B7VrfLQj3DCidCYIaUGjh1rN0VSU8xIVh0misQIT1BIBoYKxIly03nsDJ4ZxYdBJM0TGs7Vvxsp4krNuGcm85hq1cvF/7xBooMbN6UiTjQRePFRkDCoI5h3AH0qCdZsZgjCkpqsEI+RRFibppYu+VMaqyL18yL2UgrMPUnDsc5Mdc5qUeuke9F0rprOw2WjZRclVsAJOAXnwAHXoAXuQRt0AAYSvIBX8Ga9Wx/Wl/W9GC1Zxc4xWIL18wsZ6qhV</latexit>

Eg

<latexit sha1_base64="xmEDgG+UAbY4Ft4N5meo/SXuOOw=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAIqcKuKFoGbCwjmAckS5id3E2GzD6YuSuGZRt/xcZCEVs/w86/cZJsoYkHBg7n3Hvn3uMnUmh0nG9rZXVtfWOztFXe3tnd27cPDls6ThWHJo9lrDo+0yBFBE0UKKGTKGChL6Htj2+mfvsBlBZxdI+TBLyQDSMRCM7QSH37uIfwiJlmUkCEVKe+ThiHvG9XnJozA10mbkEqpECjb3/1BjFPQzOFS6Z113US9DKmUHAJebmXajCTx2wIXUMjFoL2stkBOT0zyoAGsTLPbDFTf3dkLNR6EvqmMmQ40oveVPzP66YYXHuZiJIUIeLzj4JUUozpNA06EAo4yokhjCthdqV8xBTjaDIrmxDcxZOXSeu85l7WnLuLSr1axFEiJ+SUVIlLrkid3JIGaRJOcvJMXsmb9WS9WO/Wx7x0xSp6jsgfWJ8/np+W+g==</latexit>

salient subspace

<latexit sha1_base64="rymShwQ6GQIjPYXH1RnjlUyc6hk=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiDkFGZE0WPAi8cIZoFkCD2dmqRJz0J3jRqH4K948aCIV//Dm39jJ5mDJj4oeLxX1V31/EQKjY7zbS0tr6yurRc2iptb2zu79t5+Q8ep4lDnsYxVy2capIigjgIltBIFLPQlNP3h1cRv3oHSIo5ucZSAF7J+JALBGRqpax92EB4wuwc2pDr1dcI4jLt2yak4U9BF4uakRHLUuvZXpxfzNIQIuWRat10nQS9jCgWXMC52Ug3m5SHrQ9vQiIWgvWy6/ZieGKVHg1iZipBO1d8TGQu1HoW+6QwZDvS8NxH/89opBpdeJqIkRYj47KMglRRjOomC9oQCjnJkCONKmF0pHzDFOJrAiiYEd/7kRdI4rbjnFefmrFQt53EUyBE5JmXikgtSJdekRuqEk0fyTF7Jm/VkvVjv1sesdcnKZw7IH1ifPyMSlZQ=</latexit>

weak subspace

<latexit sha1_base64="rIGMtLWMQ+uWNdiVQDDPcgLP8js=">AAACEHicbVDLSsNAFJ34rPUV69LNYBG6KomIuiy4cVnFPqCNZWYyaYdOJmFmIi0hP+EHuNVPcCdu/QO/wN9w0mZhWw9cOJxzL/dwcMyZ0o7zba2tb2xubZd2yrt7+weH9lGlraJEEtoiEY9kFyNFORO0pZnmtBtLikLMaQePb3K/80SlYpF40NOYeiEaChYwgrSRBnZlAvtMwH6I9Ajj9D579Ad21ak7M8BV4hakCgo0B/ZP349IElKhCUdK9Vwn1l6KpGaE06zcTxSNERmjIe0ZKlBIlZfOsmfwzCg+DCJpRmg4U/9epChUahpis5lnVMteLv7n9RIdXHspE3GiqSDzR0HCoY5gXgT0maRE86khiEhmskIyQhIRbepa+EJCLNlwpDPTjLvcwyppn9fdy7p7d1Ft1IqOSuAEnIIacMEVaIBb0AQtQMAEvIBX8GY9W+/Wh/U5X12ziptjsADr6xcViZ1H</latexit>

x 2 Rd

<latexit sha1_base64="GEQJSdluUX8lRMaCMey0jOiJZU4=">AAACAXicdVDLSsNAFJ3UV62vqks3g0XoKiQ1tHVXcOOygmkLbSiT6aQdOnkwcyOU0JUf4FY/wZ249Uv8An/DSVvBih64cDjnXu69x08EV2BZH0ZhY3Nre6e4W9rbPzg8Kh+fdFScSspcGotY9nyimOARc4GDYL1EMhL6gnX96XXud++ZVDyO7mCWMC8k44gHnBLQkjvwGZBhuWKZV816zaljy7Sshl2zc1JrOJcOtrWSo4JWaA/Ln4NRTNOQRUAFUapvWwl4GZHAqWDz0iBVLCF0Ssasr2lEQqa8bHHsHF9oZYSDWOqKAC/UnxMZCZWahb7uDAlM1G8vF//y+ikETS/jUZICi+hyUZAKDDHOP8cjLhkFMdOEUMn1rZhOiCQUdD5rW2joSz6ewFwn8/0+/p90aqZdN+1bp9KqrjIqojN0jqrIRg3UQjeojVxEEUeP6Ak9Gw/Gi/FqvC1bC8Zq5hStwXj/AkYimA0=</latexit>

�
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<latexit sha1_base64="RATMOsj18lhcjHtjhzsOTyEFYSc="></latexit>

min
✓2RP

NX

µ=1

` (yµ, xµ, ✓) +
�

2
k✓k22

overfitting peak attenuated

logistic loss takes most
advantage of structure

square loss logistic loss

y

<latexit sha1_base64="2Yrux2aUyODxkF/bzUAS/pg3y3Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx6r2A9oQ9lsJ+3SzSbsboQQ+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dkpr6xubW+Xtys7u3v5B9fCoreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7czvPKHSPJaPJkvQj+hI8pAzaqz0kJFBtebW3TnIKvEKUoMCzUH1qz+MWRqhNExQrXuemxg/p8pwJnBa6acaE8omdIQ9SyWNUPv5/NIpObPKkISxsiUNmau/J3IaaZ1Fge2MqBnrZW8m/uf1UhNe+zmXSWpQssWiMBXExGT2NhlyhcyIzBLKFLe3EjamijJjw6nYELzll1dJ+6LuXdZv7i9rDbeIowwncArn4MEVNOAOmtACBiE8wyu8ORPnxXl3PhatJaeYOYY/cD5/ADwfjSE=</latexit>

<latexit sha1_base64="ePSU1apONKcrfzDjk9Ut1zULFzE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810ZWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1b2Lund7Xmu4RR1lOIJjOAUPLqEBN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNP2pL9</latexit>x

<latexit sha1_base64="loBPp8uCSweAX2YatjiiXAedXPI=">AAACCHicbVDLSgMxFM3UV62vqks3wSJ0VWZE1GXBjcsq9gGdsSSZTBuaZIYkI5ShP+AHuNVPcCdu/Qu/wN8w087Cth64cDjnXu7h4IQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWPYw05UzStmGG016iKBKY0y4e3+R+94kqzWL5YCYJDQQaShYxgoyVfF8gM8I4u58+hoNqzW24M8BV4hWkBgq0BtUfP4xJKqg0hCOt+56bmCBDyjDC6bTip5omiIzRkPYtlUhQHWSzzFN4ZpUQRrGyIw2cqX8vMiS0nghsN/OMetnLxf+8fmqi6yBjMkkNlWT+KEo5NDHMC4AhU5QYPrEEEcVsVkhGSCFibE0LX4jAig1HZmqb8ZZ7WCWd84Z32fDuLmrNetFRGZyAU1AHHrgCTXALWqANCEjAC3gFb86z8+58OJ/z1ZJT3ByDBThfv4+Gmu8=</latexit>

Rd

<latexit sha1_base64="LP7gqf9Lf8KE6yZelRSOV8D4X3g=">AAACAXicdVDLSsNAFJ34rPVVdelmsAiuQhJDW3cFNy4rmLbQhjKZTtqhkwczN0IJXfkBbvUT3Ilbv8Qv8DectBWs6IELh3Pu5d57glRwBZb1Yaytb2xubZd2yrt7+weHlaPjtkoySZlHE5HIbkAUEzxmHnAQrJtKRqJAsE4wuS78zj2TiifxHUxT5kdkFPOQUwJa8voBAzKoVC3zqlFz3Bq2TMuq245dEKfuXrrY1kqBKlqiNah89ocJzSIWAxVEqZ5tpeDnRAKngs3K/UyxlNAJGbGepjGJmPLz+bEzfK6VIQ4TqSsGPFd/TuQkUmoaBbozIjBWv71C/MvrZRA2/JzHaQYspotFYSYwJLj4HA+5ZBTEVBNCJde3YjomklDQ+axsoVEg+WgMM53M9/v4f9J2TLtm2rdutWktMyqhU3SGLpCN6qiJblALeYgijh7RE3o2HowX49V4W7SuGcuZE7QC4/0LSIqYFQ==</latexit>

�
<latexit sha1_base64="hLien1VAPUMwRgFAMwvUC3JRaGU=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBG6KjOi6LLgxmUF+4B2LJlMpg3NJEOSUcvQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YLG2Vt3d29/YrB4dtLVNFaItILlU3wJpyJmjLMMNpN1EUxwGnnWB8nfudB6o0k+LOTBLqx3goWMQINla67weSh3oS2yt7mg4qVbfuzoCWiVeQKhRoDipf/VCSNKbCEI617nluYvwMK8MIp9NyP9U0wWSMh7RnqcAx1X42Sz1Fp1YJUSSVPcKgmfp7I8OxzqPZyRibkV70cvE/r5ea6MrPmEhSQwWZPxSlHBmJ8gpQyBQlhk8swUQxmxWREVaYGFtU2ZbgLX55mbTP6t5F3b09rzZqRR0lOIYTqIEHl9CAG2hCCwgoeIZXeHMenRfn3fmYj644xc4R/IHz+QNMzJLz</latexit>x

<latexit sha1_base64="sWM+nmhkt6EpDzMMmFCeUDvXr+s=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoseCF48t2A9oQ9lsJ+3azSbsboRQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPJkvQj+hI8pAzaqzUzAbliltzFyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvwpVYYzgbNSP9WYUDahI+xZKmmE2p8uDp2RC6sMSRgrW9KQhfp7YkojrbMosJ0RNWO96s3F/7xeasJbf8plkhqUbLkoTAUxMZl/TYZcITMis4Qyxe2thI2poszYbEo2BG/15XXSvqx51zW3eVWpV/M4inAG51AFD26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwB4T2M5w==</latexit>y

student

<latexit sha1_base64="loBPp8uCSweAX2YatjiiXAedXPI=">AAACCHicbVDLSgMxFM3UV62vqks3wSJ0VWZE1GXBjcsq9gGdsSSZTBuaZIYkI5ShP+AHuNVPcCdu/Qu/wN8w087Cth64cDjnXu7h4IQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWPYw05UzStmGG016iKBKY0y4e3+R+94kqzWL5YCYJDQQaShYxgoyVfF8gM8I4u58+hoNqzW24M8BV4hWkBgq0BtUfP4xJKqg0hCOt+56bmCBDyjDC6bTip5omiIzRkPYtlUhQHWSzzFN4ZpUQRrGyIw2cqX8vMiS0nghsN/OMetnLxf+8fmqi6yBjMkkNlWT+KEo5NDHMC4AhU5QYPrEEEcVsVkhGSCFibE0LX4jAig1HZmqb8ZZ7WCWd84Z32fDuLmrNetFRGZyAU1AHHrgCTXALWqANCEjAC3gFb86z8+58OJ/z1ZJT3ByDBThfv4+Gmu8=</latexit>

Rd

<latexit sha1_base64="+nbWVxuBFrEIwCDaLD1nY2183PE="></latexit>

ŷ = f̂
�
✓>�(Wx)

�

<latexit sha1_base64="z4PcJsnMU+bGzJRiXrkLX27gUmA=">AAACCHicbVDLSsNAFL3xWeur6tLNYBG6KomIuiy4cVnFPqCJMplO2qEzkzAzEUroD/gBbvUT3Ilb/8Iv8DectFnY1gMXDuecy72cMOFMG9f9dlZW19Y3Nktb5e2d3b39ysFhW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wdJ37nSeqNIvlvRknNBB4IFnECDZW8n2BzTAMs7vJQ/OxUnXr7hRomXgFqUIBm//x+zFJBZWGcKx1z3MTE2RYGUY4nZT9VNMEkxEe0J6lEguqg2z68wSdWqWPoljZkQZN1b8bGRZaj0Vok/mPetHLxf+8XmqiqyBjMkkNlWR2KEo5MjHKC0B9pigxfGwJJorZXxEZYoWJsTXNXSEiVGwwNBPbjLfYwzJpn9W9i7p3e15t1IqOSnAMJ1ADDy6hATfQhBYQSOAFXuHNeXbenQ/ncxZdcYqdI5iD8/ULb5Ka2w==</latexit>

RP

<latexit sha1_base64="BQ4ZGZqvHxgmouxMTZracdCQZfE=">AAAB/XicbVDLSgNBEJz1GeMr6tHLYhByCrsi6jHgxWMC5gHJEmYnvcmQmdllplcIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuurvCRHCDnvftbGxube/sFvaK+weHR8elk9OWiVPNoMliEetOSA0IrqCJHAV0Eg1UhgLa4fh+5refQBseq0ecJBBIOlQ84oyilRrtfqnsVb053HXi56RMctT7pZ/eIGapBIVMUGO6vpdgkFGNnAmYFnupgYSyMR1C11JFJZggmx86dS+tMnCjWNtS6M7VvxMZlcZMZGg7JcWRWfVm4n9eN8XoLsi4SlIExRaLolS4GLuzr90B18BQTCyhTHN7q8tGVFOGNpulLUyGmg9HOLXJ+Ks5rJPWVdW/qfqN63KtkmdUIOfkglSIT25JjTyQOmkSRoC8kFfy5jw7786H87lo3XDymTOyBOfrF65wlgI=</latexit>

W
<latexit sha1_base64="qU6HmpDgEWQEuRaSu6HpcYZftew=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBByCrsi6jHgxWME84BkCbOT2eyY2dllplcIITc/wKt+gjfx6o/4Bf6Gk2QPJrGgoajqprsrSKUw6Lrfztr6xubWdmGnuLu3f3BYOjpumiTTjDdYIhPdDqjhUijeQIGSt1PNaRxI3gqGt1O/9cS1EYl6wFHK/ZgOlAgFo2ilZhcjjrRXKrtVdwaySryclCFHvVf66fYTlsVcIZPUmI7npuiPqUbBJJ8Uu5nhKWVDOuAdSxWNufHHs2sn5NwqfRIm2pZCMlP/ToxpbMwoDmxnTDEyy95U/M/rZBje+GOh0gy5YvNFYSYJJmT6OukLzRnKkSWUaWFvJSyimjK0AS1sYXGgxSDCiU3GW85hlTQvqt5V1bu/LNcqeUYFOIUzqIAH11CDO6hDAxg8wgu8wpvz7Lw7H87nvHXNyWdOYAHO1y/K0phP</latexit>

✓

<latexit sha1_base64="+nJr7Lv/ozR4G54FBVR4y7RA3EA="></latexit>

y = sign(�>x)

teacher

Data

Model

Algorithm

Algorithm
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<latexit sha1_base64="RATMOsj18lhcjHtjhzsOTyEFYSc="></latexit>

min
✓2RP

NX

µ=1

` (yµ, xµ, ✓) +
�

2
k✓k22

y

<latexit sha1_base64="2Yrux2aUyODxkF/bzUAS/pg3y3Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx6r2A9oQ9lsJ+3SzSbsboQQ+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dkpr6xubW+Xtys7u3v5B9fCoreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7czvPKHSPJaPJkvQj+hI8pAzaqz0kJFBtebW3TnIKvEKUoMCzUH1qz+MWRqhNExQrXuemxg/p8pwJnBa6acaE8omdIQ9SyWNUPv5/NIpObPKkISxsiUNmau/J3IaaZ1Fge2MqBnrZW8m/uf1UhNe+zmXSWpQssWiMBXExGT2NhlyhcyIzBLKFLe3EjamijJjw6nYELzll1dJ+6LuXdZv7i9rDbeIowwncArn4MEVNOAOmtACBiE8wyu8ORPnxXl3PhatJaeYOYY/cD5/ADwfjSE=</latexit>

<latexit sha1_base64="ePSU1apONKcrfzDjk9Ut1zULFzE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810ZWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1b2Lund7Xmu4RR1lOIJjOAUPLqEBN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNP2pL9</latexit>x

<latexit sha1_base64="loBPp8uCSweAX2YatjiiXAedXPI=">AAACCHicbVDLSgMxFM3UV62vqks3wSJ0VWZE1GXBjcsq9gGdsSSZTBuaZIYkI5ShP+AHuNVPcCdu/Qu/wN8w087Cth64cDjnXu7h4IQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWPYw05UzStmGG016iKBKY0y4e3+R+94kqzWL5YCYJDQQaShYxgoyVfF8gM8I4u58+hoNqzW24M8BV4hWkBgq0BtUfP4xJKqg0hCOt+56bmCBDyjDC6bTip5omiIzRkPYtlUhQHWSzzFN4ZpUQRrGyIw2cqX8vMiS0nghsN/OMetnLxf+8fmqi6yBjMkkNlWT+KEo5NDHMC4AhU5QYPrEEEcVsVkhGSCFibE0LX4jAig1HZmqb8ZZ7WCWd84Z32fDuLmrNetFRGZyAU1AHHrgCTXALWqANCEjAC3gFb86z8+58OJ/z1ZJT3ByDBThfv4+Gmu8=</latexit>

Rd

<latexit sha1_base64="LP7gqf9Lf8KE6yZelRSOV8D4X3g=">AAACAXicdVDLSsNAFJ34rPVVdelmsAiuQhJDW3cFNy4rmLbQhjKZTtqhkwczN0IJXfkBbvUT3Ilbv8Qv8DectBWs6IELh3Pu5d57glRwBZb1Yaytb2xubZd2yrt7+weHlaPjtkoySZlHE5HIbkAUEzxmHnAQrJtKRqJAsE4wuS78zj2TiifxHUxT5kdkFPOQUwJa8voBAzKoVC3zqlFz3Bq2TMuq245dEKfuXrrY1kqBKlqiNah89ocJzSIWAxVEqZ5tpeDnRAKngs3K/UyxlNAJGbGepjGJmPLz+bEzfK6VIQ4TqSsGPFd/TuQkUmoaBbozIjBWv71C/MvrZRA2/JzHaQYspotFYSYwJLj4HA+5ZBTEVBNCJde3YjomklDQ+axsoVEg+WgMM53M9/v4f9J2TLtm2rdutWktMyqhU3SGLpCN6qiJblALeYgijh7RE3o2HowX49V4W7SuGcuZE7QC4/0LSIqYFQ==</latexit>

�
<latexit sha1_base64="hLien1VAPUMwRgFAMwvUC3JRaGU=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBG6KjOi6LLgxmUF+4B2LJlMpg3NJEOSUcvQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YLG2Vt3d29/YrB4dtLVNFaItILlU3wJpyJmjLMMNpN1EUxwGnnWB8nfudB6o0k+LOTBLqx3goWMQINla67weSh3oS2yt7mg4qVbfuzoCWiVeQKhRoDipf/VCSNKbCEI617nluYvwMK8MIp9NyP9U0wWSMh7RnqcAx1X42Sz1Fp1YJUSSVPcKgmfp7I8OxzqPZyRibkV70cvE/r5ea6MrPmEhSQwWZPxSlHBmJ8gpQyBQlhk8swUQxmxWREVaYGFtU2ZbgLX55mbTP6t5F3b09rzZqRR0lOIYTqIEHl9CAG2hCCwgoeIZXeHMenRfn3fmYj644xc4R/IHz+QNMzJLz</latexit>x

<latexit sha1_base64="sWM+nmhkt6EpDzMMmFCeUDvXr+s=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoseCF48t2A9oQ9lsJ+3azSbsboRQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPJkvQj+hI8pAzaqzUzAbliltzFyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvwpVYYzgbNSP9WYUDahI+xZKmmE2p8uDp2RC6sMSRgrW9KQhfp7YkojrbMosJ0RNWO96s3F/7xeasJbf8plkhqUbLkoTAUxMZl/TYZcITMis4Qyxe2thI2poszYbEo2BG/15XXSvqx51zW3eVWpV/M4inAG51AFD26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwB4T2M5w==</latexit>y

student

<latexit sha1_base64="loBPp8uCSweAX2YatjiiXAedXPI=">AAACCHicbVDLSgMxFM3UV62vqks3wSJ0VWZE1GXBjcsq9gGdsSSZTBuaZIYkI5ShP+AHuNVPcCdu/Qu/wN8w087Cth64cDjnXu7h4IQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWPYw05UzStmGG016iKBKY0y4e3+R+94kqzWL5YCYJDQQaShYxgoyVfF8gM8I4u58+hoNqzW24M8BV4hWkBgq0BtUfP4xJKqg0hCOt+56bmCBDyjDC6bTip5omiIzRkPYtlUhQHWSzzFN4ZpUQRrGyIw2cqX8vMiS0nghsN/OMetnLxf+8fmqi6yBjMkkNlWT+KEo5NDHMC4AhU5QYPrEEEcVsVkhGSCFibE0LX4jAig1HZmqb8ZZ7WCWd84Z32fDuLmrNetFRGZyAU1AHHrgCTXALWqANCEjAC3gFb86z8+58OJ/z1ZJT3ByDBThfv4+Gmu8=</latexit>

Rd

<latexit sha1_base64="+nbWVxuBFrEIwCDaLD1nY2183PE="></latexit>

ŷ = f̂
�
✓>�(Wx)

�

<latexit sha1_base64="z4PcJsnMU+bGzJRiXrkLX27gUmA=">AAACCHicbVDLSsNAFL3xWeur6tLNYBG6KomIuiy4cVnFPqCJMplO2qEzkzAzEUroD/gBbvUT3Ilb/8Iv8DectFnY1gMXDuecy72cMOFMG9f9dlZW19Y3Nktb5e2d3b39ysFhW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wdJ37nSeqNIvlvRknNBB4IFnECDZW8n2BzTAMs7vJQ/OxUnXr7hRomXgFqUIBm//x+zFJBZWGcKx1z3MTE2RYGUY4nZT9VNMEkxEe0J6lEguqg2z68wSdWqWPoljZkQZN1b8bGRZaj0Vok/mPetHLxf+8XmqiqyBjMkkNlWR2KEo5MjHKC0B9pigxfGwJJorZXxEZYoWJsTXNXSEiVGwwNBPbjLfYwzJpn9W9i7p3e15t1IqOSnAMJ1ADDy6hATfQhBYQSOAFXuHNeXbenQ/ncxZdcYqdI5iD8/ULb5Ka2w==</latexit>

RP

<latexit sha1_base64="BQ4ZGZqvHxgmouxMTZracdCQZfE=">AAAB/XicbVDLSgNBEJz1GeMr6tHLYhByCrsi6jHgxWMC5gHJEmYnvcmQmdllplcIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuurvCRHCDnvftbGxube/sFvaK+weHR8elk9OWiVPNoMliEetOSA0IrqCJHAV0Eg1UhgLa4fh+5refQBseq0ecJBBIOlQ84oyilRrtfqnsVb053HXi56RMctT7pZ/eIGapBIVMUGO6vpdgkFGNnAmYFnupgYSyMR1C11JFJZggmx86dS+tMnCjWNtS6M7VvxMZlcZMZGg7JcWRWfVm4n9eN8XoLsi4SlIExRaLolS4GLuzr90B18BQTCyhTHN7q8tGVFOGNpulLUyGmg9HOLXJ+Ks5rJPWVdW/qfqN63KtkmdUIOfkglSIT25JjTyQOmkSRoC8kFfy5jw7786H87lo3XDymTOyBOfrF65wlgI=</latexit>

W
<latexit sha1_base64="qU6HmpDgEWQEuRaSu6HpcYZftew=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBByCrsi6jHgxWME84BkCbOT2eyY2dllplcIITc/wKt+gjfx6o/4Bf6Gk2QPJrGgoajqprsrSKUw6Lrfztr6xubWdmGnuLu3f3BYOjpumiTTjDdYIhPdDqjhUijeQIGSt1PNaRxI3gqGt1O/9cS1EYl6wFHK/ZgOlAgFo2ilZhcjjrRXKrtVdwaySryclCFHvVf66fYTlsVcIZPUmI7npuiPqUbBJJ8Uu5nhKWVDOuAdSxWNufHHs2sn5NwqfRIm2pZCMlP/ToxpbMwoDmxnTDEyy95U/M/rZBje+GOh0gy5YvNFYSYJJmT6OukLzRnKkSWUaWFvJSyimjK0AS1sYXGgxSDCiU3GW85hlTQvqt5V1bu/LNcqeUYFOIUzqIAH11CDO6hDAxg8wgu8wpvz7Lw7H87nvHXNyWdOYAHO1y/K0phP</latexit>

✓

<latexit sha1_base64="+nJr7Lv/ozR4G54FBVR4y7RA3EA="></latexit>

y = sign(�>x)

teacher

Data

Model

Algorithm

Algorithm

opening gaps

logistic

logistic
square

square

Real data

▷ Simple solvable model helps intuition further confirmed by real data experiments

<latexit sha1_base64="xmEDgG+UAbY4Ft4N5meo/SXuOOw=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAIqcKuKFoGbCwjmAckS5id3E2GzD6YuSuGZRt/xcZCEVs/w86/cZJsoYkHBg7n3Hvn3uMnUmh0nG9rZXVtfWOztFXe3tnd27cPDls6ThWHJo9lrDo+0yBFBE0UKKGTKGChL6Htj2+mfvsBlBZxdI+TBLyQDSMRCM7QSH37uIfwiJlmUkCEVKe+ThiHvG9XnJozA10mbkEqpECjb3/1BjFPQzOFS6Z113US9DKmUHAJebmXajCTx2wIXUMjFoL2stkBOT0zyoAGsTLPbDFTf3dkLNR6EvqmMmQ40oveVPzP66YYXHuZiJIUIeLzj4JUUozpNA06EAo4yokhjCthdqV8xBTjaDIrmxDcxZOXSeu85l7WnLuLSr1axFEiJ+SUVIlLrkid3JIGaRJOcvJMXsmb9WS9WO/Wx7x0xSp6jsgfWJ8/np+W+g==</latexit>

salient subspace

<latexit sha1_base64="rymShwQ6GQIjPYXH1RnjlUyc6hk=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiDkFGZE0WPAi8cIZoFkCD2dmqRJz0J3jRqH4K948aCIV//Dm39jJ5mDJj4oeLxX1V31/EQKjY7zbS0tr6yurRc2iptb2zu79t5+Q8ep4lDnsYxVy2capIigjgIltBIFLPQlNP3h1cRv3oHSIo5ucZSAF7J+JALBGRqpax92EB4wuwc2pDr1dcI4jLt2yak4U9BF4uakRHLUuvZXpxfzNIQIuWRat10nQS9jCgWXMC52Ug3m5SHrQ9vQiIWgvWy6/ZieGKVHg1iZipBO1d8TGQu1HoW+6QwZDvS8NxH/89opBpdeJqIkRYj47KMglRRjOomC9oQCjnJkCONKmF0pHzDFOJrAiiYEd/7kRdI4rbjnFefmrFQt53EUyBE5JmXikgtSJdekRuqEk0fyTF7Jm/VkvVjv1sesdcnKZw7IH1ifPyMSlZQ=</latexit>

weak subspace

<latexit sha1_base64="rIGMtLWMQ+uWNdiVQDDPcgLP8js=">AAACEHicbVDLSsNAFJ34rPUV69LNYBG6KomIuiy4cVnFPqCNZWYyaYdOJmFmIi0hP+EHuNVPcCdu/QO/wN9w0mZhWw9cOJxzL/dwcMyZ0o7zba2tb2xubZd2yrt7+weH9lGlraJEEtoiEY9kFyNFORO0pZnmtBtLikLMaQePb3K/80SlYpF40NOYeiEaChYwgrSRBnZlAvtMwH6I9Ajj9D579Ad21ak7M8BV4hakCgo0B/ZP349IElKhCUdK9Vwn1l6KpGaE06zcTxSNERmjIe0ZKlBIlZfOsmfwzCg+DCJpRmg4U/9epChUahpis5lnVMteLv7n9RIdXHspE3GiqSDzR0HCoY5gXgT0maRE86khiEhmskIyQhIRbepa+EJCLNlwpDPTjLvcwyppn9fdy7p7d1Ft1IqOSuAEnIIacMEVaIBb0AQtQMAEvIBX8GY9W+/Wh/U5X12ziptjsADr6xcViZ1H</latexit>

x 2 Rd

<latexit sha1_base64="GEQJSdluUX8lRMaCMey0jOiJZU4=">AAACAXicdVDLSsNAFJ3UV62vqks3g0XoKiQ1tHVXcOOygmkLbSiT6aQdOnkwcyOU0JUf4FY/wZ249Uv8An/DSVvBih64cDjnXu69x08EV2BZH0ZhY3Nre6e4W9rbPzg8Kh+fdFScSspcGotY9nyimOARc4GDYL1EMhL6gnX96XXud++ZVDyO7mCWMC8k44gHnBLQkjvwGZBhuWKZV816zaljy7Sshl2zc1JrOJcOtrWSo4JWaA/Ln4NRTNOQRUAFUapvWwl4GZHAqWDz0iBVLCF0Ssasr2lEQqa8bHHsHF9oZYSDWOqKAC/UnxMZCZWahb7uDAlM1G8vF//y+ikETS/jUZICi+hyUZAKDDHOP8cjLhkFMdOEUMn1rZhOiCQUdD5rW2joSz6ewFwn8/0+/p90aqZdN+1bp9KqrjIqojN0jqrIRg3UQjeojVxEEUeP6Ak9Gw/Gi/FqvC1bC8Zq5hStwXj/AkYimA0=</latexit>

�



Towards more and more realistic data in the 
analysis: trained generative models

▷ Using pretrained generators in synthetic data models

▷ Example: 
Predicting random features learning on CIFAR 
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Generator

Latent  
variable c

input x

Teacher 
projection label y

W̃ Dimension → ∞
Dimension #nite

Feature 
map

Φ
Student 

projection

W

ν

λ prediction

ϕθ(λ)

Learned from  
training data

ϕθ̃(ν)

Goldt, S.  et al (2020). The Gaussian equivalence of generative models for learning with shallow neural networks. MSML

Data

Model

Algorithm

Gaussian equivalence principle here crucial!

Real

Generated



Models of data structures: Recap
▷ With simple models of data structures we can

start to understand its impact on generalization

26

<latexit sha1_base64="xmEDgG+UAbY4Ft4N5meo/SXuOOw=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAIqcKuKFoGbCwjmAckS5id3E2GzD6YuSuGZRt/xcZCEVs/w86/cZJsoYkHBg7n3Hvn3uMnUmh0nG9rZXVtfWOztFXe3tnd27cPDls6ThWHJo9lrDo+0yBFBE0UKKGTKGChL6Htj2+mfvsBlBZxdI+TBLyQDSMRCM7QSH37uIfwiJlmUkCEVKe+ThiHvG9XnJozA10mbkEqpECjb3/1BjFPQzOFS6Z113US9DKmUHAJebmXajCTx2wIXUMjFoL2stkBOT0zyoAGsTLPbDFTf3dkLNR6EvqmMmQ40oveVPzP66YYXHuZiJIUIeLzj4JUUozpNA06EAo4yokhjCthdqV8xBTjaDIrmxDcxZOXSeu85l7WnLuLSr1axFEiJ+SUVIlLrkid3JIGaRJOcvJMXsmb9WS9WO/Wx7x0xSp6jsgfWJ8/np+W+g==</latexit>

salient subspace

<latexit sha1_base64="rymShwQ6GQIjPYXH1RnjlUyc6hk=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiDkFGZE0WPAi8cIZoFkCD2dmqRJz0J3jRqH4K948aCIV//Dm39jJ5mDJj4oeLxX1V31/EQKjY7zbS0tr6yurRc2iptb2zu79t5+Q8ep4lDnsYxVy2capIigjgIltBIFLPQlNP3h1cRv3oHSIo5ucZSAF7J+JALBGRqpax92EB4wuwc2pDr1dcI4jLt2yak4U9BF4uakRHLUuvZXpxfzNIQIuWRat10nQS9jCgWXMC52Ug3m5SHrQ9vQiIWgvWy6/ZieGKVHg1iZipBO1d8TGQu1HoW+6QwZDvS8NxH/89opBpdeJqIkRYj47KMglRRjOomC9oQCjnJkCONKmF0pHzDFOJrAiiYEd/7kRdI4rbjnFefmrFQt53EUyBE5JmXikgtSJdekRuqEk0fyTF7Jm/VkvVjv1sesdcnKZw7IH1ifPyMSlZQ=</latexit>

weak subspace

<latexit sha1_base64="rIGMtLWMQ+uWNdiVQDDPcgLP8js=">AAACEHicbVDLSsNAFJ34rPUV69LNYBG6KomIuiy4cVnFPqCNZWYyaYdOJmFmIi0hP+EHuNVPcCdu/QO/wN9w0mZhWw9cOJxzL/dwcMyZ0o7zba2tb2xubZd2yrt7+weH9lGlraJEEtoiEY9kFyNFORO0pZnmtBtLikLMaQePb3K/80SlYpF40NOYeiEaChYwgrSRBnZlAvtMwH6I9Ajj9D579Ad21ak7M8BV4hakCgo0B/ZP349IElKhCUdK9Vwn1l6KpGaE06zcTxSNERmjIe0ZKlBIlZfOsmfwzCg+DCJpRmg4U/9epChUahpis5lnVMteLv7n9RIdXHspE3GiqSDzR0HCoY5gXgT0maRE86khiEhmskIyQhIRbepa+EJCLNlwpDPTjLvcwyppn9fdy7p7d1Ft1IqOSuAEnIIacMEVaIBb0AQtQMAEvIBX8GY9W+/Wh/U5X12ziptjsADr6xcViZ1H</latexit>

x 2 Rd

<latexit sha1_base64="GEQJSdluUX8lRMaCMey0jOiJZU4=">AAACAXicdVDLSsNAFJ3UV62vqks3g0XoKiQ1tHVXcOOygmkLbSiT6aQdOnkwcyOU0JUf4FY/wZ249Uv8An/DSVvBih64cDjnXu69x08EV2BZH0ZhY3Nre6e4W9rbPzg8Kh+fdFScSspcGotY9nyimOARc4GDYL1EMhL6gnX96XXud++ZVDyO7mCWMC8k44gHnBLQkjvwGZBhuWKZV816zaljy7Sshl2zc1JrOJcOtrWSo4JWaA/Ln4NRTNOQRUAFUapvWwl4GZHAqWDz0iBVLCF0Ssasr2lEQqa8bHHsHF9oZYSDWOqKAC/UnxMZCZWahb7uDAlM1G8vF//y+ikETS/jUZICi+hyUZAKDDHOP8cjLhkFMdOEUMn1rZhOiCQUdD5rW2joSz6ewFwn8/0+/p90aqZdN+1bp9KqrjIqojN0jqrIRg3UQjeojVxEEUeP6Ak9Gw/Gi/FqvC1bC8Zq5hStwXj/AkYimA0=</latexit>

�

▷ Synthetic (trained) model can mimic real data 
and remain amenable to analysis
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λ prediction
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ϕθ̃(ν)
QUESTIONS?



More analysis of algorithms?

▷ (Stochastic) Gradient descent??

o Loss

o Gradient update 
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Data

Model

Algorithm

<latexit sha1_base64="BpoU8OB4UHY0bvAUiNpAtHsYU5s="></latexit>

L(✓) =
1

N

NX

k=1

`[y (k), ŷ(x (k), ✓)]

✓
<latexit sha1_base64="am7CgcymOdYdTyAIZFOpaT6RYfk=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzjiSHulsl/x5yCrJMhJGXLUe6Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrsppYnlI3pkHccVTTmNszm107JuVP6ZKCNK4Vkrv6eyGhs7SSOXGdMcWSXvZn4n9dJcXATZkIlKXLFFosGqSSoyex10heGM5QTRygzwt1K2IgaytAFVHQhBMsvr5JmtRJcVqr3V+Wan8dRgFM4gwsI4BpqcAd1aACDR3iGV3jztPfivXsfi9Y1L585gT/wPn8An9uPGg==</latexit>

<latexit sha1_base64="IwF+P/d+kTFSLr6RitBY4nFqDwo=">AAACB3icbVDLSsNAFJ34rPVVdekmWIS6KYkUdVlw48JFBfuANJTJdNIMnZmEmRuhhHyAH+BWP8GduPUz/AJ/w2mbhW09cOFwzr3ce0+QcKbBcb6ttfWNza3t0k55d2//4LBydNzRcaoIbZOYx6oXYE05k7QNDDjtJYpiEXDaDca3U7/7RJVmsXyESUJ9gUeShYxgMJKX3ee1PkQU8MWgUnXqzgz2KnELUkUFWoPKT38Yk1RQCYRjrT3XScDPsAJGOM3L/VTTBJMxHlHPUIkF1X42Ozm3z40ytMNYmZJgz9S/ExkWWk9EYDoFhkgve1PxP89LIbzxMyaTFKgk80Vhym2I7en/9pApSoBPDMFEMXOrTSKsMAGT0sIWIgLFRhHkJhl3OYdV0rmsu1f1xkOj2nSKjEroFJ2hGnLRNWqiO9RCbURQjF7QK3qznq1368P6nLeuWcXMCVqA9fULHYiaIQ==</latexit>

L(✓)
<latexit sha1_base64="lgR8Le78MW1Lh/gjWxRDESksgWM=">AAACGXicdVDLSgNBEJz1/XbVYy6DQdBL2I2r5ih48eAhglEhCUvvZJIMmZ1dZnqFsOTgd/gBXvUTvIlXT36Bv+HkIUTRgoaiqpvuriiVwqDnfTgzs3PzC4tLyyura+sbm+7W9rVJMs14jSUy0bcRGC6F4jUUKPltqjnEkeQ3Ue9s6N/ccW1Eoq6wn/JmDB0l2oIBWil0Cw0FkYSwgV2OQPOLwf6Yht5B6Bb9kjcC9Upl78gvVywJyodB4NNvq0gmqIbuZ6OVsCzmCpkEY+q+l2IzB42CST5YaWSGp8B60OF1SxXE3DTz0RMDumeVFm0n2pZCOlKnJ3KIjenHke2MAbvmtzcU//LqGbYrzVyoNEOu2HhRO5MUEzpMhLaE5gxl3xJgWthbKeuCBoY2tx9bWBxp0eniYDqZ/8l1ueQfl4LLoHjqTTJaIgWyS/aJT07IKTknVVIjjNyTR/JEnp0H58V5dd7GrTPOZGaH/IDz/gXuLKDx</latexit>

r✓L(✓0)

<latexit sha1_base64="ZjKhg3g95tuasbGTL1sWh7Sl3oc="></latexit>

✓0
<latexit sha1_base64="YTXWBfvVYXkkwR8+wu28CQ1OfWY="></latexit>

✓1
<latexit sha1_base64="YexacPr2VrI6NMgfRAKs7C8T9qY="></latexit>

✓2 <latexit sha1_base64="HNQ4fVrzaKUHD/tivczYbGS7Gok="></latexit>· · ·

<latexit sha1_base64="YQXzsq7TjF/8nh3x71ACDAbdPl4="></latexit>

✓t+1  ✓t � ⌘r✓L(✓t)



Scope of today’s lecture

▷ The teacher-student paradigm

▷ Models of data structure 

▷ Dynamics of learning

28

Discuss classical and recent litterature to give you an idea of what can be
studied in machine learning with the statistical mechanics point of view.



▷ Online gradient descent
o Stream of data

o Parameter update with each sample

▷ Analysis principle: perceptron example

o Square loss for one sample

o Parameter update

o Continuous time limit + high dimensional limit + disorder variable average

As soon as in the 90s: Analysis of online learning 29

<latexit sha1_base64="cG66HMP7tXMrGxKokLwKXxMYvuw="></latexit>

(x (1), y (1)), (x (2), y (2)), · · · , (x (k), y (k)), · · ·

<latexit sha1_base64="v8pxfR5FTXfdeNhSuktWhwOmsSc="></latexit>

w k+1 = w k � ⌘rwL
�
w k ; (x (k), y (k))

�

each sample seen once, 
size of dataset = # iterations

made possible by having uncorrelated samples at each update !

<latexit sha1_base64="t0tGZn4xHlfZl1vophgb9zt/1X4="></latexit>

w t+1 � w t = ⌘
�
�(w ⇤>x)� �(w>x)

�
r�(w>x)

<latexit sha1_base64="WAe2r1efQJteGi1wD/u8Pdo9EK4="></latexit>

L(x ;w,w ⇤) =
1

2
(y(x)� ŷ(x))2 =

1

2

�
�(w ⇤>x)� �(w>x)

�2

studentteacher
training data

<latexit sha1_base64="Qi2P7H2nAdY/TYRuvhQ8veBTzcw=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5idTJIhM7vLTK+wLMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KYikMuu63U9jY3NreKe6W9vYPDo/KxyctEyWa8SaLZKQ7ATVcipA3UaDknVhzqgLJ28Hkfua3n7g2IgofMY25r+goFEPBKFqpkfbLFbfqzkHWiZeTCuSo98s/vUHEEsVDZJIa0/XcGP2MahRM8mmplxgeUzahI961NKSKGz+bHzolF1YZkGGkbYVI5urfiYwqY1IV2E5FcWxWvZn4n9dNcHjnZyKME+QhWywaJpJgRGZfk4HQnKFMLaFMC3srYWOqKUObzdIWpgItRmOc2mS81RzWSeuq6t1UvcZ1pebmGRXhDM7hEjy4hRo8QB2awIDDC7zCm/PsvDsfzueiteDkM6ewBOfrF+cqliw=</latexit>y <latexit sha1_base64="QS+osbFdbpdNYYlN9tTDLNJ1Jn0="></latexit>w

<latexit sha1_base64="L2+HZo0DvyaOawIcHhvQWCKHelI="></latexit>

ŷ = �(w>x)
<latexit sha1_base64="FmongCW/QL3mUNfUcR2igDGzf7Y=">AAACE3icbZDLSsNAFIYnXmu9RcWVm8EitCAlkaIuC25cVrAXaGOZTCft0JlJmJmIIeQxfAC3+gjuxK0P4BP4Gk7bLGzrDwc+/nMO5/D7EaNKO863tbK6tr6xWdgqbu/s7u3bB4ctFcYSkyYOWSg7PlKEUUGammpGOpEkiPuMtP3xzaTffiRS0VDc6yQiHkdDQQOKkTZW3z4up0/ZQ1oeV7JzmMygUuzbJafqTAWXwc2hBHI1+vZPbxDimBOhMUNKdV0n0l6KpKaYkazYixWJEB6jIekaFIgT5aXT9zN4ZpwBDEJpSmg4df9upIgrlXDfTHKkR2qxNzH/63VjHVx7KRVRrInAs0NBzKAO4SQLOKCSYM0SAwhLan6FeIQkwtokNncFc1/S4UhnJhl3MYdlaF1U3ctq7a5Wqjt5RgVwAk5BGbjgCtTBLWiAJsAgBS/gFbxZz9a79WF9zkZXrHznCMzJ+voFhkKdYw==</latexit>

(x (k), y (k))
<latexit sha1_base64="4qD0VKzh9farf90ekk2eagSWy60=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqiRS1GVBFy6r2Ac0scxMJ+3QySTMTKQl9Cf8ALf6Ce7ErX/gF/gbTtosbOuBC4dz7uUeDo45U9pxvq3C2vrG5lZxu7Szu7d/YB+WWypKJKFNEvFIdjBSlDNBm5ppTjuxpCjEnLbx6Drz209UKhaJBz2JqR+igWABI0gbqWeXx9BjAnoh0kOM0/vp403PrjhVZwa4StycVECORs/+8foRSUIqNOFIqa7rxNpPkdSMcDoteYmiMSIjNKBdQwUKqfLTWfYpPDVKHwaRNCM0nKl/L1IUKjUJsdnMMqplLxP/87qJDq78lIk40VSQ+aMg4VBHMCsC9pmkRPOJIYhIZrJCMkQSEW3qWvhCQizZYKinphl3uYdV0jqvuhfV2l2tUnfyjorgGJyAM+CCS1AHt6ABmoCAMXgBr+DNerberQ/rc75asPKbI7AA6+sX5bidMg==</latexit>

x 2 RD
<latexit sha1_base64="pi5TcwKxvlmxFhTxx4HIeBC6LxU=">AAACGHicbVDLSsNAFJ3UV62vqDvdDBahgpREiros6EI3UsE+oAlhMp20Q2eSMDMRSwj4HX6AW/0Ed+LWnV/gbzhpu7DVAxcO59zLvff4MaNSWdaXUVhYXFpeKa6W1tY3NrfM7Z2WjBKBSRNHLBIdH0nCaEiaiipGOrEgiPuMtP3hRe6374mQNArv1CgmLkf9kAYUI6Ulz9x7gI6kHDocqQFGLL3JKtYxvPYujzyzbFWtMeBfYk 9JGUzR8MxvpxfhhJNQYYak7NpWrNwUCUUxI1nJSSSJER6iPulqGiJOpJuOf8jgoVZ6MIiErlDBsfp7IkVcyhH3dWd+qpz3cvE/r5uo4NxNaRgnioR4sihIGFQRzAOBPSoIVmykCcKC6lshHiCBsNKxzWzB3Be0P1CZTsaez+EvaZ1U7dNq7bZWrlvTjIpgHxyACrDBGaiDK9AATYDBI3gGL+DVeDLejHfjY9JaMKYzu2AGxucPZxmfcw==</latexit>

x ⇠ N (0, ID)
<latexit sha1_base64="+Qu3DWuNUjUKfMlBxdykghYbtmY=">AAACAnicbVDLSsNAFJ3UV62vqks3g0VwVRIRdVlw47KCfUAbymQ6acbOTMLMjRBCd36AW/0Ed+LWH/EL/A2nbRa29cCFwzn3cu89QSK4Adf9dkpr6xubW+Xtys7u3v5B9fCobeJUU9aisYh1NyCGCa5YCzgI1k00IzIQrBOMb6d+54lpw2P1AFnCfElGioecErBSux8RwNmgWnPr7gx4lXgFqaECzUH1pz+MaSqZAiqIMT3PTcDPiQZOBZtU+qlhCaFjMmI9SxWRzPj57NoJPrPKEIextqUAz9S/EzmRxmQysJ2SQGSWvan4n9dLIbzxc66SFJii80VhKjDEePo6HnLNKIjMEkI1t7diGhFNKNiAFrZQGWg+imBik/GWc1gl7Yu6d1W/vL+sNdwiozI6QafoHHnoGjXQHWqiFqLoEb2gV/TmPDvvzofzOW8tOcXMMVqA8/ULZ3WYGg==</latexit>

ŷ
<latexit sha1_base64="8ynS+T8kHG9WE3KiBSyc0xNzQNA=">AAAB/3icdVDLSsNAFJ34rPVVdelmsAjiIiQxtHVXcOOyon1AG8tkOkmHziRhZqKU0IUf4FY/wZ249VP8An/DSVvBih64cDjnXu69x08YlcqyPoyl5ZXVtfXCRnFza3tnt7S335JxKjBp4pjFouMjSRiNSFNRxUgnEQRxn5G2P7rI/fYdEZLG0Y0aJ8TjKIxoQDFSWrq+vz3tl8qWeV6rOG4FWqZlVW3HzolTdc9caGslRxnM0eiXPnuDGKecRAozJGXXthLlZUgoihmZFHupJAnCIxSSrqYR4kR62fTUCTzWygAGsdAVKThVf05kiEs55r7u5EgN5W8vF//yuqkKal5GoyRVJMKzRUHKoIph/jccUEGwYmNNEBZU3wrxEAmElU5nYQvmvqDhUE10Mt/vw/9JyzHtiuleueW6Nc+oAA7BETgBNqiCOrgEDdAEGITgETyBZ+PBeDFejbdZ65IxnzkACzDevwBvDZcL</latexit>

w ⇤

<latexit sha1_base64="ppx9uHlLtwpaaZL3CLiGHLG8peQ="></latexit>

y = �(w ⇤>x)

Biehl & Riegler.  On-Line Learning with a Perceptron, 1994, Biehl & Schwarze. Learning by on-line gradient descent, 1995. 
Riegler & Biehl. On-line backpropagation in two-layered neural networks, 1995. Saad & Solla. Exact Solution for On-Line 
Learning in Multilayer Neural Networks, 1995. Saad & Solla. On-line learning in soft committee machines. 1995.



▷ Analysis principle: perceptron example

o Follow training in terms of overlaps

o Continuous time limit + high dimensional limit + disorder variable average

→ closed set of equations
on the overlaps

o Generalization error:

As soon as in the 90s: Analysis of online learning 30

studentteacher

training data
<latexit sha1_base64="Qi2P7H2nAdY/TYRuvhQ8veBTzcw=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5idTJIhM7vLTK+wLMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KYikMuu63U9jY3NreKe6W9vYPDo/KxyctEyWa8SaLZKQ7ATVcipA3UaDknVhzqgLJ28Hkfua3n7g2IgofMY25r+goFEPBKFqpkfbLFbfqzkHWiZeTCuSo98s/vUHEEsVDZJIa0/XcGP2MahRM8mmplxgeUzahI961NKSKGz+bHzolF1YZkGGkbYVI5urfiYwqY1IV2E5FcWxWvZn4n9dNcHjnZyKME+QhWywaJpJgRGZfk4HQnKFMLaFMC3srYWOqKUObzdIWpgItRmOc2mS81RzWSeuq6t1UvcZ1pebmGRXhDM7hEjy4hRo8QB2awIDDC7zCm/PsvDsfzueiteDkM6ewBOfrF+cqliw=</latexit>y <latexit sha1_base64="QS+osbFdbpdNYYlN9tTDLNJ1Jn0="></latexit>w

<latexit sha1_base64="L2+HZo0DvyaOawIcHhvQWCKHelI="></latexit>

ŷ = �(w>x)
<latexit sha1_base64="FmongCW/QL3mUNfUcR2igDGzf7Y=">AAACE3icbZDLSsNAFIYnXmu9RcWVm8EitCAlkaIuC25cVrAXaGOZTCft0JlJmJmIIeQxfAC3+gjuxK0P4BP4Gk7bLGzrDwc+/nMO5/D7EaNKO863tbK6tr6xWdgqbu/s7u3bB4ctFcYSkyYOWSg7PlKEUUGammpGOpEkiPuMtP3xzaTffiRS0VDc6yQiHkdDQQOKkTZW3z4up0/ZQ1oeV7JzmMygUuzbJafqTAWXwc2hBHI1+vZPbxDimBOhMUNKdV0n0l6KpKaYkazYixWJEB6jIekaFIgT5aXT9zN4ZpwBDEJpSmg4df9upIgrlXDfTHKkR2qxNzH/63VjHVx7KRVRrInAs0NBzKAO4SQLOKCSYM0SAwhLan6FeIQkwtokNncFc1/S4UhnJhl3MYdlaF1U3ctq7a5Wqjt5RgVwAk5BGbjgCtTBLWiAJsAgBS/gFbxZz9a79WF9zkZXrHznCMzJ+voFhkKdYw==</latexit>

(x (k), y (k))
<latexit sha1_base64="pi5TcwKxvlmxFhTxx4HIeBC6LxU=">AAACGHicbVDLSsNAFJ3UV62vqDvdDBahgpREiros6EI3UsE+oAlhMp20Q2eSMDMRSwj4HX6AW/0Ed+LWnV/gbzhpu7DVAxcO59zLvff4MaNSWdaXUVhYXFpeKa6W1tY3NrfM7Z2WjBKBSRNHLBIdH0nCaEiaiipGOrEgiPuMtP3hRe6374mQNArv1CgmLkf9kAYUI6Ulz9x7gI6kHDocqQFGLL3JKtYxvPYujzyzbFWtMeBfYk9JGUzR8MxvpxfhhJNQYYak7NpWrNwUCUUxI1nJSSSJER6iPulqGiJOpJuOf8jgoVZ6MIiErlDBsfp7IkVcyhH3dWd+qpz3cvE/r5uo4NxNaRgnioR4sihIGFQRzAOBPSoIVmykCcKC6lshHiCBsNKxzWzB3Be0P1CZTsaez+EvaZ1U7dNq7bZWrlvTjIpgHxyACrDBGaiDK9AATYDBI3gGL+DVeDLejHfjY9JaMKYzu2AGxucPZxmfcw==</latexit>

x ⇠ N (0, ID)
<latexit sha1_base64="+Qu3DWuNUjUKfMlBxdykghYbtmY=">AAACAnicbVDLSsNAFJ3UV62vqks3g0VwVRIRdVlw47KCfUAbymQ6acbOTMLMjRBCd36AW/0Ed+LWH/EL/A2nbRa29cCFwzn3cu89QSK4Adf9dkpr6xubW+Xtys7u3v5B9fCobeJUU9aisYh1NyCGCa5YCzgI1k00IzIQrBOMb6d+54lpw2P1AFnCfElGioecErBSux8RwNmgWnPr7gx4lXgFqaECzUH1pz+MaSqZAiqIMT3PTcDPiQZOBZtU+qlhCaFjMmI9SxWRzPj57NoJPrPKEIextqUAz9S/EzmRxmQysJ2SQGSWvan4n9dLIbzxc66SFJii80VhKjDEePo6HnLNKIjMEkI1t7diGhFNKNiAFrZQGWg+imBik/GWc1gl7Yu6d1W/vL+sNdwiozI6QafoHHnoGjXQHWqiFqLoEb2gV/TmPDvvzofzOW8tOcXMMVqA8/ULZ3WYGg==</latexit>

ŷ
<latexit sha1_base64="8ynS+T8kHG9WE3KiBSyc0xNzQNA=">AAAB/3icdVDLSsNAFJ34rPVVdelmsAjiIiQxtHVXcOOyon1AG8tkOkmHziRhZqKU0IUf4FY/wZ249VP8An/DSVvBih64cDjnXu69x08YlcqyPoyl5ZXVtfXCRnFza3tnt7S335JxKjBp4pjFouMjSRiNSFNRxUgnEQRxn5G2P7rI/fYdEZLG0Y0aJ8TjKIxoQDFSWrq+vz3tl8qWeV6rOG4FWqZlVW3HzolTdc9caGslRxnM0eiXPnuDGKecRAozJGXXthLlZUgoihmZFHupJAnCIxSSrqYR4kR62fTUCTzWygAGsdAVKThVf05kiEs55r7u5EgN5W8vF//yuqkKal5GoyRVJMKzRUHKoIph/jccUEGwYmNNEBZU3wrxEAmElU5nYQvmvqDhUE10Mt/vw/9JyzHtiuleueW6Nc+oAA7BETgBNqiCOrgEDdAEGITgETyBZ+PBeDFejbdZ65IxnzkACzDevwBvDZcL</latexit>

w ⇤

<latexit sha1_base64="ppx9uHlLtwpaaZL3CLiGHLG8peQ="></latexit>

y = �(w ⇤>x)

<latexit sha1_base64="9kchVMe0aX88+6K3VaCkVBwCsvk="></latexit>

Q(k) = w (k)>w (k)
<latexit sha1_base64="POWMcELOCW59gHRLV2o8sAC9zmE="></latexit>

R(k) = w ⇤>w (k)

« self overlap »

« teacher-student overlap »

<latexit sha1_base64="CQQGdRxstoWhHWnWuutCsdDASWA="></latexit>8
>>><

>>>:

dR

dt
= gR(R

t , Qt)

dQ

dt
= gQ(R

t , Qt)

<latexit sha1_base64="qBgi71v8hS5eu0CGasxAMaNSaU4="></latexit>

w t+1 � w t = ⌘dt
�
�(w ⇤>x)� �(w>x)

�
r�(w>x)

different convergence rates for 
different learning rate

<latexit sha1_base64="VFAHHwoxPDaOAtQWVW9jrCpquLU="></latexit>

Eg(w (k), w ⇤) = Ex

1

2

⇣
y ⇤(x)� ŷ(x, w (k))

⌘2�

= Eg(R(k), Q(k)) �!
N!+1,dt!0

Eg(t)

<latexit sha1_base64="GGRWr+SyMFnhhlYuWmoDunXesFg=">AAACEHicbVDLSsNAFJ34rPUV69LNYBHqpiRS1GVBBJcV7APaECbTSTt08mDmRiwhP+EHuNVPcCdu/QO/wN9w0mZhWw9cOJxzL/dwvFhwBZb1baytb2xubZd2yrt7+weH5lGlo6JEUtamkYhkzyOKCR6yNnAQrBdLRgJPsK43ucn97iOTikfhA0xj5gRkFHKfUwJacs0KHgQExpSI9DZzRzU4L7tm1apbM+BVYhekigq0XPNnMIxoErAQqCBK9W0rBiclEjgVLCsPEsViQidkxPqahiRgykln2TN8ppUh9iOpJwQ8U/9epCRQahp4ejMPqpa9XPzP6yfgXzspD+MEWEjnj/xEYIhwXgQecskoiKkmhEqus2I6JpJQ0HUtfKGBJ/loDJluxl7uYZV0Lur2Zb1x36g2raKjEjpBp6iGbHSFmugOtVAbUfSEXtArejOejXfjw/icr64Zxc0xWoDx9QslhZy5</latexit>

Eg(t)

<latexit sha1_base64="7C8Rqv2s9Iu8KLseG4jBBpcJMIU=">AAAB/nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKqMeAF49RzAOSJcxOZpMhM7PLTK8QloAf4FU/wZt49Vf8An/DSbIHk1jQUFR1090VJoIb9Lxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41ZQ0ai1i3Q2KY4Io1kKNg7UQzIkPBWuHoduq3npg2PFaPOE5YIMlA8YhTglZ6wFKvXPGq3gzuKvFzUoEc9V75p9uPaSqZQiqIMR3fSzDIiEZOBZuUuqlhCaEjMmAdSxWRzATZ7NKJe2aVvhvF2pZCd6b+nciINGYsQ9spCQ7NsjcV//M6KUY3QcZVkiJTdL4oSoWLsTt92+1zzSiKsSWEam5vdemQaELRhrOwhcpQ88EQJzYZfzmHVdK8qPpX1cv7y0rNyzMqwgmcwjn4cA01uIM6NIBCBC/wCm/Os/PufDif89aCk88cwwKcr18VmZY+</latexit>

t
Biehl & Schwarze. (1995) Learning by on-line gradient descent.



▷ Two layer model with finite number of hidden units
+ possibly more/less hidden units in student (K) than teacher (M)

▷ Define overlaps again

▷ First only learning first layer + matched models

Committee machines online dynamics 31

Goldt, S. et al (2019). Dynamics of stochastic gradient descent for two-
layer neural networks in the teacher-student setup. Neural Information 
Processing Systems, Neurips.1906.08632. 

Data

Model

Algorithm

<latexit sha1_base64="4qD0VKzh9farf90ekk2eagSWy60=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqiRS1GVBFy6r2Ac0scxMJ+3QySTMTKQl9Cf8ALf6Ce7ErX/gF/gbTtosbOuBC4dz7uUeDo45U9pxvq3C2vrG5lZxu7Szu7d/YB+WWypKJKFNEvFIdjBSlDNBm5ppTjuxpCjEnLbx6Drz209UKhaJBz2JqR+igWABI0gbqWeXx9BjAnoh0kOM0/vp403PrjhVZwa4StycVECORs/+8f oRSUIqNOFIqa7rxNpPkdSMcDoteYmiMSIjNKBdQwUKqfLTWfYpPDVKHwaRNCM0nKl/L1IUKjUJsdnMMqplLxP/87qJDq78lIk40VSQ+aMg4VBHMCsC9pmkRPOJIYhIZrJCMkQSEW3qWvhCQizZYKinphl3uYdV0jqvuhfV2l2tUnfyjorgGJyAM+CCS1AHt6ABmoCAMXgBr+DNerberQ/rc75asPKbI7AA6+sX5bidMg==</latexit>

x 2 RD <latexit sha1_base64="Qi2P7H2nAdY/TYRuvhQ8veBTzcw=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5idTJIhM7vLTK+wLMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KYikMuu63U9jY3NreKe6W9vYPDo/KxyctEyWa8SaLZKQ7ATVcipA3UaDknVhzqgLJ28Hkfua3n7g2IgofMY25r+goFEPBKFqpkfbLFbfqzkHWiZeTCuSo98s/vUHEEsVDZJIa0/XcGP2MahRM8mmplxgeUzahI961NKSKGz+bHzolF1YZkGGkbYVI5urfiYwqY1IV2E5FcWxWvZn4n9dNcHjnZyKME+QhWywaJpJgRGZfk4HQnKFMLaFMC3srYWOqKUObzdIWpgItRmOc2mS81RzWSeuq6t1UvcZ1pebmGRXhDM7hEjy4hRo8QB2awIDDC7zCm/PsvDsfzueiteDkM6ewBOfrF+cqliw=</latexit>y

<latexit sha1_base64="Ir5j9yfCHEfvK++rKGb/qLfZ/1c=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqiRS1GXBjeCmin1AG8vMdNIOnUzCzESsIT/hB7jVT3Anbv0Dv8DfcNJmYVsPXDiccy/3cHDEmdKO820VVlbX1jeKm6Wt7Z3dPXu/3FJhLAltkpCHsoORopwJ2tRMc9qJJEUB5rSNx5eZ336gUrFQ3OlJRL0ADQXzGUHaSH27/AR7TMBegPQI4+Q2vb/u2xWn6kwBl4mbkwrI0ejbP71BSOKACk04UqrrOpH2EiQ1I5ympV6saITIGA1p11CBAqq8ZJo9hcdGGUA/lGaEhlP170WCAqUmATabWUa16GXif1431v6FlzARxZoKMnvkxxzqEGZFwAGTlGg+MQQRyUxWSEZIIqJNXXNfSIAlG450appxF3tYJq3TqntWrd3UKnUn76gIDsEROAEuOAd1cAUaoAkIeAQv4BW8Wc/Wu/Vhfc5WC1Z+cwDmYH39AvQ7nTs=</latexit>

z 2 RK

<latexit sha1_base64="Ym2AG4OMDbKmFRatrRLqPwdBxCQ=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1GPAi8eI5gHJEmYns5shM7PLzKwSlhz8AK/6Cd7Eq5/iF/gbTpI9mMSChqKqm+6uIOFMG9f9dtbWNza3tgs7xd29/YPD0tFxS8epIrRJYh6rToA15UzSpmGG006iKBYBp+1gdDP1249UaRbLBzNOqC9wJFnICDZWun/qV/ulsltxZ0CrxMtJGXI0+qWf3iAmqaDSEI617npuYvwMK8MIp5NiL9U0wWSEI9q1VGJBtZ/NTp2gc6sMUBgrW9Kgmfp3IsNC67EIbKfAZqiXvan4n9dNTXjtZ0wmqaGSzBeFKUcmRtO/0YApSgwfW4KJYvZWRIZYYWJsOgtbiAgUi4ZmYpPxlnNYJa1qxbus1O5q5bqbZ1SAUziDC/DgCupwCw1oAoEIXuAV3pxn5935cD7nrWtOPnMCC3C+fgEX9pbS</latexit>w2
<latexit sha1_base64="Pzn7biLENFOP7R1Si28W1EKbJ6k=">AAAB/3icbVDLSgNBEOyNrxhfUY9eFoPgKeyKqMeAF48RzQOSJcxOZpMhM7PLTK8Qlhz8AK/6Cd7Eq5/iF/gbTpI9mMSChqKqm+6uMBHcoOd9O4W19Y3NreJ2aWd3b/+gfHjUNHGqKWvQWMS6HRLDBFesgRwFayeaERkK1gpHt1O/9cS04bF6xHHCAkkGikecErTSQ6vn98oVr+rN4K4SPycVyFHvlX+6/ZimkimkghjT8b0Eg4xo5FSwSambGpYQOiID1rFUEclMkM1OnbhnVum7UaxtKXRn6t+JjEhjxjK0nZLg0Cx7U/E/r5NidBNkXCUpMkXni6JUuBi707/dPteMohhbQqjm9laXDokmFG06C1uoDDUfDHFik/GXc1glzYuqf1W9vL+s1Lw8oyKcwCmcgw/XUIM7qEMDKAzgBV7hzXl23p0P53PeWnDymWNYgPP1C+LulrE=</latexit>

W1
<latexit sha1_base64="Qi2P7H2nAdY/TYRuvhQ8veBTzcw=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5idTJIhM7vLTK+wLMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KYikMuu63U9jY3NreKe6W9vYPDo/KxyctEyWa8SaLZKQ7ATVcipA3UaDknVhzqgLJ28Hkfua3n7g2IgofMY25r+goFEPBKFqpkfbLFbfqzkHWiZeTCuSo98s/vUHEEsVDZJIa0/XcGP2MahRM8mmplxgeUzahI961NKSKGz+bHzolF1YZkGGkbYVI5urfiYwqY1IV2E5FcWxWvZn4n9dNcHjnZyKME+QhWywaJpJgRGZfk4HQnKFMLaFMC3srYWOqKUObzdIWpgItRmOc2mS81RzWSeuq6t1UvcZ1pebmGRXhDM7hEjy4hRo8QB2awIDDC7zCm/PsvDsfzueiteDkM6ewBOfrF+cqliw=</latexit>y

<latexit sha1_base64="MX14z260uNV9vBNC6+BC/z34PPA=">AAACAXicdVDLSsNAFJ3UV62vqks3g0UQFyGJoa27ghuXFUxbaGOZTCft0MkkzEyUErryA9zqJ7gTt36JX+BvOGkrWNEDFw7n3Mu99wQJo1JZ1odRWFldW98obpa2tnd298r7By0ZpwITD8csFp0AScIoJ56iipFOIgiKAkbawfgy99t3REga8xs1SYgfoSGnIcVIacm7vz3rO/1yxTIv6lXHrULLtKya7dg5cWruuQttreSogAWa/fJnbxDjNCJcYYak7NpWovwMCUUxI9NSL5UkQXiMhqSrKUcRkX42O3YKT7QygGEsdHEFZ+rPiQxFUk6iQHdGSI3kby8X//K6qQrrfkZ5kirC8XxRmDKoYph/DgdUEKzYRBOEBdW3QjxCAmGl81nagqNA0OFITXUy3+/D/0nLMe2q6V67lYa1yKgIjsAxOAU2qIEGuAJN4AEMKHgET+DZeDBejFfjbd5aMBYzh2AJxvsXox6XsA==</latexit>

w ⇤2
<latexit sha1_base64="O7Ks6tjpXX9+70eu6pAq6rHv0G4=">AAACAXicdVDLSsNAFJ34rPVVdelmsAjiIiQ1tHVXcOOygmkLbSyT6aQdOjMJMxOhhK78ALf6Ce7ErV/iF/gbTtoKVvTAhcM593LvPWHCqNKO82GtrK6tb2wWtorbO7t7+6WDw5aKU4mJj2MWy06IFGFUEF9TzUgnkQTxkJF2OL7K/fY9kYrG4lZPEhJwNBQ0ohhpI/ntu/O+2y+VHfuyXq14VejYjlNzK25OKjXvwoOuUXKUwQLNfumzN4hxyonQmCGluq6T6CBDUlPMyLTYSxVJEB6jIekaKhAnKshmx07hqVEGMIqlKaHhTP05kSGu1ISHppMjPVK/vVz8y+umOqoHGRVJqonA80VRyqCOYf45HFBJsGYTQxCW1NwK8QhJhLXJZ2kL5qGkw5GemmS+34f/k1bFdqu2d+OVG84iowI4BifgDLigBhrgGjSBDzCg4BE8gWfrwXqxXq23eeuKtZg5Akuw3r8AbeWXjw==</latexit>

W ⇤1

teacher student

training data
<latexit sha1_base64="FmongCW/QL3mUNfUcR2igDGzf7Y=">AAACE3icbZDLSsNAFIYnXmu9RcWVm8EitCAlkaIuC25cVrAXaGOZTCft0JlJmJmIIeQxfAC3+gjuxK0P4BP4Gk7bLGzrDwc+/nMO5/D7EaNKO863tbK6tr6xWdgqbu/s7u3bB4ctFcYSkyYOWSg7PlKEUUGammpGOpEkiPuMtP3xzaTffiRS0VDc6yQiHkdDQQOKkTZW3z4up0/ZQ1oeV7JzmMygUuzbJafqTAWXwc2hBHI1+vZPbxDimBOhMUNKdV0n0l6KpKaYkazYixWJEB6jIekaFIgT5aXT9zN4ZpwBDEJpSmg4df9upIgrlXDfTHKkR2qxNzH/63VjHVx7KRVRrInAs0NBzKAO4SQLOKCSYM0SAwhLan6FeIQkwtokNncFc1/S4UhnJhl3MYdlaF1U3ctq7a5Wqjt5RgVwAk5BGbjgCtTBLWiAJsAgBS/gFbxZz9a79WF9zkZXrHznCMzJ+voFhkKdYw==</latexit>

(x (k), y (k))

<latexit sha1_base64="S6Xj7ZrMGcrGX9o6GOSALp1gviA=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqiRS1GXBjRuhin1AG8vMdNIOnUzCzESsIT/hB7jVT3Anbv0Dv8DfcNJmYVsPXDiccy/3cHDEmdKO820VVlbX1jeKm6Wt7Z3dPXu/3FJhLAltkpCHsoORopwJ2tRMc9qJJEUB5rSNx5eZ336gUrFQ3OlJRL0ADQXzGUHaSH27/AR7TMBegPQI4+Q2vb/u2xWn6kwBl4mbkwrI0ejbP71BSOKACk04UqrrOpH2EiQ1I5ympV6saITIGA1p11CBAqq8ZJo9hcdGGUA/lGaEhlP170WCAqUmATabWUa16GXif1431v6FlzARxZoKMnvkxxzqEGZFwAGTlGg+MQQRyUxWSEZIIqJNXXNfSIAlG450appxF3tYJq3TqntWrd3UKnUn76gIDsEROAEuOAd1cAUaoAkIeAQv4BW8Wc/Wu/Vhfc5WC1Z+cwDmYH39AvdtnT0=</latexit>

z 2 RM

<latexit sha1_base64="ozVhPHRIFJuOY537IMy+XDglS34="></latexit>

y = (w ⇤2
>�(W ⇤1 x))

<latexit sha1_base64="9WuXhASFMt7m7Aug7qiYnnvHQNs="></latexit>

ŷ = (w2
>�(W1x))

<latexit sha1_base64="TyGzQGQDyaw1d4O3gDh3bT+nH8s="></latexit>

Q(k) = W (k)W (k)> 2 RK⇥K

<latexit sha1_base64="rpLKH3KVsA9I1Q9K5Zybm+6IHBQ="></latexit>

R(k) = W1
⇤W2

(k)> 2 RK⇥M <latexit sha1_base64="GGRWr+SyMFnhhlYuWmoDunXesFg=">AAACEHicbVDLSsNAFJ34rPUV69LNYBHqpiRS1GVBBJcV7APaECbTSTt08mDmRiwhP+EHuNVPcCdu/QO/wN9w0mZhWw9cOJxzL/dwvFhwBZb1baytb2xubZd2yrt7+weH5lGlo6JEUtamkYhkzyOKCR6yNnAQrBdLRgJPsK43ucn97iOTikfhA0xj5gRkFHKfUwJacs0KHgQExpSI9DZzRzU4L7tm1apbM+BVYhekigq0XPNnMIxoErAQqCBK9W0rBiclEjgVLCsPEsViQidkxPqahiRgykln2TN8ppUh9iOpJwQ8U/9epCRQahp4ejMPqpa9XPzP6yfgXzspD+MEWEjnj/xEYIhwXgQecskoiKkmhEqus2I6JpJQ0HUtfKGBJ/loDJluxl7uYZV0Lur2Zb1x36g2raKjEjpBp6iGbHSFmugOtVAbUfSEXtArejOejXfjw/icr64Zxc0xWoDx9QslhZy5</latexit>

Eg(t)
generalization

<latexit sha1_base64="I6yvxqkWc+UUNceBPRKgc5nJfXA="></latexit>w2 = w1

specialization transition:
student neurons match teacher neurones 
→ escape plateau in dynamics



(b)

Committee machines online dynamics:
overparametrization and feature learning

▷ Over parametrization

▷ Feature learning = both layers
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Data

Model

Algorithm<latexit sha1_base64="4qD0VKzh9farf90ekk2eagSWy60=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqiRS1GVBFy6r2Ac0scxMJ+3QySTMTKQl9Cf8ALf6Ce7ErX/gF/gbTtosbOuBC4dz7uUeDo45U9pxvq3C2vrG5lZxu7Szu7d/YB+WWypKJKFNEvFIdjBSlDNBm5ppTjuxpCjEnLbx6Drz209UKhaJBz2JqR+igWABI0gbqWeXx9BjAnoh0kOM0/vp403PrjhVZwa4StycVECORs/+8foRSUIqNOFIqa7rxNpPkdSMcDoteYmiMSIjNKBdQwUKqfLTWfYpPDVKHwaRNCM0nKl/L1IUKjUJsdnMMqplLxP/87qJDq78lIk40VSQ+aMg4VBHMCsC9pmkRPOJIYhIZrJCMkQSEW3qWvhCQizZYKinphl3uYdV0jqvuhfV2l2tUnfyjorgGJyAM+CCS1AHt6ABmoCAMXgBr+DNerberQ/rc75asPKbI7AA6+sX5bidMg==</latexit>

x 2 RD <latexit sha1_base64="Qi2P7H2nAdY/TYRuvhQ8veBTzcw=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5idTJIhM7vLTK+wLMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KYikMuu63U9jY3NreKe6W9vYPDo/KxyctEyWa8SaLZKQ7ATVcipA3UaDknVhzqgLJ28Hkfua3n7g2IgofMY25r+goFEPBKFqpkfbLFbfqzkHWiZeTCuSo98s/vUHEEsVDZJIa0/XcGP2MahRM8mmplxgeUzahI961NKSKGz+bHzolF1YZkGGkbYVI5urfiYwqY1IV2E5FcWxWvZn4n9dNcHjnZyKME+QhWywaJpJgRGZfk4HQnKFMLaFMC3srYWOqKUObzdIWpgItRmOc2mS81RzWSeuq6t1UvcZ1pebmGRXhDM7hEjy4hRo8QB2awIDDC7zCm/PsvDsfzueiteDkM6ewBOfrF+cqliw=</latexit>y

<latexit sha1_base64="Ir5j9yfCHEfvK++rKGb/qLfZ/1c=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqiRS1GXBjeCmin1AG8vMdNIOnUzCzESsIT/hB7jVT3Anbv0Dv8DfcNJmYVsPXDiccy/3cHDEmdKO820VVlbX1jeKm6Wt7Z3dPXu/3FJhLAltkpCHsoORopwJ2tRMc9qJJEUB5rSNx5eZ336gUrFQ3OlJRL0ADQXzGUHaSH27/AR7TMBegPQI4+Q2vb/u2xWn6kwBl4mbkwrI0ejbP71BSOKACk04UqrrOpH2EiQ1I5ympV6saITIGA1p11CBAqq8ZJo9hcdGGUA/lGaEhlP170WCAqUmATabWUa16GXif1431v6FlzARxZoKMnvkxxzqEGZFwAGTlGg+MQQRyUxWSEZIIqJNXXNfSIAlG450appxF3tYJq3TqntWrd3UKnUn76gIDsEROAEuOAd1cAUaoAkIeAQv4BW8Wc/Wu/Vhfc5WC1Z+cwDmYH39AvQ7nTs=</latexit>

z 2 RK

<latexit sha1_base64="Ym2AG4OMDbKmFRatrRLqPwdBxCQ=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1GPAi8eI5gHJEmYns5shM7PLzKwSlhz8AK/6Cd7Eq5/iF/gbTpI9mMSChqKqm+6uIOFMG9f9dtbWNza3tgs7xd29/YPD0tFxS8epIrRJYh6rToA15UzSpmGG006iKBYBp+1gdDP1249UaRbLBzNOqC9wJFnICDZWun/qV/ulsltxZ0CrxMtJGXI0+qWf3iAmqaDSEI617npuYvwMK8MIp5NiL9U0wWSEI9q1VGJBtZ/NTp2gc6sMUBgrW9Kgmfp3IsNC67EIbKfAZqiXvan4n9dNTXjtZ0wmqaGSzBeFKUcmRtO/0YApSgwfW4KJYvZWRIZYYWJsOgtbiAgUi4ZmYpPxlnNYJa1qxbus1O5q5bqbZ1SAUziDC/DgCupwCw1oAoEIXuAV3pxn5935cD7nrWtOPnMCC3C+fgEX9pbS</latexit>w2
<latexit sha1_base64="Pzn7biLENFOP7R1Si28W1EKbJ6k=">AAAB/3icbVDLSgNBEOyNrxhfUY9eFoPgKeyKqMeAF48RzQOSJcxOZpMhM7PLTK8Qlhz8AK/6Cd7Eq5/iF/gbTpI9mMSChqKqm+6uMBHcoOd9O4W19Y3NreJ2aWd3b/+gfHjUNHGqKWvQWMS6HRLDBFesgRwFayeaERkK1gpHt1O/9cS04bF6xHHCAkkGikecErTSQ6vn98oVr+rN4K4SPycVyFHvlX+6/ZimkimkghjT8b0Eg4xo5FSwSambGpYQOiID1rFUEclMkM1OnbhnVum7UaxtKXRn6t+JjEhjxjK0nZLg0Cx7U/E/r5NidBNkXCUpMkXni6JUuBi707/dPteMohhbQqjm9laXDokmFG06C1uoDDUfDHFik/GXc1glzYuqf1W9vL+s1Lw8oyKcwCmcgw/XUIM7qEMDKAzgBV7hzXl23p0P53PeWnDymWNYgPP1C+LulrE=</latexit>

W1
<latexit sha1_base64="Qi2P7H2nAdY/TYRuvhQ8veBTzcw=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5idTJIhM7vLTK+wLMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KYikMuu63U9jY3NreKe6W9vYPDo/KxyctEyWa8SaLZKQ7ATVcipA3UaDknVhzqgLJ28Hkfua3n7g2IgofMY25r+goFEPBKFqpkfbLFbfqzkHWiZeTCuSo98s/vUHEEsVDZJIa0/XcGP2MahRM8mmplxgeUzahI961NKSKGz+bHzolF1YZkGGkbYVI5urfiYwqY1IV2E5FcWxWvZn4n9dNcHjnZyKME+QhWywaJpJgRGZfk4HQnKFMLaFMC3srYWOqKUObzdIWpgItRmOc2mS81RzWSeuq6t1UvcZ1pebmGRXhDM7hEjy4hRo8QB2awIDDC7zCm/PsvDsfzueiteDkM6ewBOfrF+cqliw=</latexit>y

<latexit sha1_base64="MX14z260uNV9vBNC6+BC/z34PPA=">AAACAXicdVDLSsNAFJ3UV62vqks3g0UQFyGJoa27ghuXFUxbaGOZTCft0MkkzEyUErryA9zqJ7gTt36JX+BvOGkrWNEDFw7n3Mu99wQJo1JZ1odRWFldW98obpa2tnd298r7By0ZpwITD8csFp0AScIoJ56iipFOIgiKAkbawfgy99t3REga8xs1SYgfoSGnIcVIacm7vz3rO/1yxTIv6lXHrULLtKya7dg5cWruuQttreSogAWa/fJnbxDjNCJcYYak7NpWovwMCUUxI9NSL5UkQXiMhqSrKUcRkX42O3YKT7QygGEsdHEFZ+rPiQxFUk6iQHdGSI3kby8X//K6qQrrfkZ5kirC8XxRmDKoYph/DgdUEKzYRBOEBdW3QjxCAmGl81nagqNA0OFITXUy3+/D/0nLMe2q6V67lYa1yKgIjsAxOAU2qIEGuAJN4AEMKHgET+DZeDBejFfjbd5aMBYzh2AJxvsXox6XsA==</latexit>

w ⇤2
<latexit sha1_base64="O7Ks6tjpXX9+70eu6pAq6rHv0G4=">AAACAXicdVDLSsNAFJ34rPVVdelmsAjiIiQ1tHVXcOOygmkLbSyT6aQdOjMJMxOhhK78ALf6Ce7ErV/iF/gbTtoKVvTAhcM593LvPWHCqNKO82GtrK6tb2wWtorbO7t7+6WDw5aKU4mJj2MWy06IFGFUEF9TzUgnkQTxkJF2OL7K/fY9kYrG4lZPEhJwNBQ0ohhpI/ntu/O+2y+VHfuyXq14VejYjlNzK25OKjXvwoOuUXKUwQLNfumzN4hxyonQmCGluq6T6CBDUlPMyLTYSxVJEB6jIekaKhAnKshmx07hqVEGMIqlKaHhTP05kSGu1ISHppMjPVK/vVz8y+umOqoHGRVJqonA80VRyqCOYf45HFBJsGYTQxCW1NwK8QhJhLXJZ2kL5qGkw5GemmS+34f/k1bFdqu2d+OVG84iowI4BifgDLigBhrgGjSBDzCg4BE8gWfrwXqxXq23eeuKtZg5Akuw3r8AbeWXjw==</latexit>

W ⇤1

teacher student

training data
<latexit sha1_base64="FmongCW/QL3mUNfUcR2igDGzf7Y=">AAACE3icbZDLSsNAFIYnXmu9RcWVm8EitCAlkaIuC25cVrAXaGOZTCft0JlJmJmIIeQxfAC3+gjuxK0P4BP4Gk7bLGzrDwc+/nMO5/D7EaNKO863tbK6tr6xWdgqbu/s7u3bB4ctFcYSkyYOWSg7PlKEUUGammpGOpEkiPuMtP3xzaTffiRS0VDc6yQiHkdDQQOKkTZW3z4up0/ZQ1oeV7JzmMygUuzbJafqTAWXwc2hBHI1+vZPbxDimBOhMUNKdV0n0l6KpKaYkazYixWJEB6jIekaFIgT5aXT9zN4ZpwBDEJpSmg4df9upIgrlXDfTHKkR2qxNzH/63VjHVx7KRVRrInAs0NBzKAO4SQLOKCSYM0SAwhLan6FeIQkwtokNncFc1/S4UhnJhl3MYdlaF1U3ctq7a5Wqjt5RgVwAk5BGbjgCtTBLWiAJsAgBS/gFbxZz9a79WF9zkZXrHznCMzJ+voFhkKdYw==</latexit>

(x (k), y (k))

<latexit sha1_base64="S6Xj7ZrMGcrGX9o6GOSALp1gviA=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqiRS1GXBjRuhin1AG8vMdNIOnUzCzESsIT/hB7jVT3Anbv0Dv8DfcNJmYVsPXDiccy/3cHDEmdKO820VVlbX1jeKm6Wt7Z3dPXu/3FJhLAltkpCHsoORopwJ2tRMc9qJJEUB5rSNx5eZ336gUrFQ3OlJRL0ADQXzGUHaSH27/AR7TMBegPQI4+Q2vb/u2xWn6kwBl4mbkwrI0ejbP71BSOKACk04UqrrOpH2EiQ1I5ympV6saITIGA1p11CBAqq8ZJo9hcdGGUA/lGaEhlP170WCAqUmATabWUa16GXif1431v6FlzARxZoKMnvkxxzqEGZFwAGTlGg+MQQRyUxWSEZIIqJNXXNfSIAlG450appxF3tYJq3TqntWrd3UKnUn76gIDsEROAEuOAd1cAUaoAkIeAQv4BW8Wc/Wu/Vhfc5WC1Z+cwDmYH39AvdtnT0=</latexit>

z 2 RM

<latexit sha1_base64="ozVhPHRIFJuOY537IMy+XDglS34="></latexit>

y = (w ⇤2
>�(W ⇤1 x))

<latexit sha1_base64="9WuXhASFMt7m7Aug7qiYnnvHQNs="></latexit>

ŷ = (w2
>�(W1x))

in the analysis 
<latexit sha1_base64="s13ZYimfXa1JmIIKUbKxvEIXoE4="></latexit>

w ⇤2 = (1, 1, ..1) 2 RK

i n 

n 
i 

(b)
<latexit sha1_base64="YRfUJqT8k1P5vmi73L/ECdy39Cc=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5idzCZDZnaXmV4hLMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KEikMuu63U9jY3NreKe6W9vYPDo/KxyctE6ea8SaLZaw7ATVciog3UaDknURzqgLJ28H4fua3n7g2Io4ecZJwX9FhJELBKFqpMe6XK27VnYOsEy8nFchR75d/eoOYpYpHyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xraUQVN342P3RKLqwyIGGsbUVI5urfiYwqYyYqsJ2K4sisejPxP6+bYnjnZyJKUuQRWywKU0kwJrOvyUBozlBOLKFMC3srYSOqKUObzdIWpgIthiOc2mS81RzWSeuq6t1UrxvXlZqbZ1SEMziHS/DgFmrwAHVoAgMOL/AKb86z8+58OJ+L1oKTz5zCEpyvX9HCliE=</latexit>

k

<latexit sha1_base64="tdnUYakJBIUVpuiEArElYk++wQw=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5id9CZDZnaXmVkhLMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KEsG1cd1vp7CxubW9U9wt7e0fHB6Vj09aOk4VwyaLRaw6AdUoeIRNw43ATqKQykBgOxjfz/z2EyrN4+jRTBL0JR1GPOSMGis1ZL9ccavuHGSdeDmpQI56v/zTG8QslRgZJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lEZWo/Wx+6JRcWGVAwljZigyZq38nMiq1nsjAdkpqRnrVm4n/ed3UhHd+xqMkNRixxaIwFcTEZPY1GXCFzIiJJZQpbm8lbEQVZcZms7SFyUDx4chMbTLeag7rpHVV9W6q143rSs3NMyrCGZzDJXhwCzV4gDo0gQHCC7zCm/PsvDsfzueiteDkM6ewBOfrF9T0liM=</latexit>

m

<latexit sha1_base64="k4QjN1+5dfT7JtM/mih0NIkcD8I=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPoQcKuBPUY8OIxARMDyRJmJ7PJkJnZZaZXCEuufoBX/QRv4tX/8Av8DWeTPZjEgoaiqpvuriAW3IDrfjuFtfWNza3idmlnd2//oHx41DZRoilr0UhEuhMQwwRXrAUcBOvEmhEZCPYYjO8y//GJacMj9QCTmPmSDBUPOSVgpU6zn44vx+fTfrniVt0Z8CrxclJBORr98k9vENFEMgVUEGO6nhuDnxINnAo2LfUSw2JCx2TIupYqIpnx09m9U3xmlQEOI21LAZ6pfydSIo2ZyMB2SgIjs+xl4n9eN4Hw1k+5ihNgis4XhYnAEOHseTzgmlEQE0sI1dzeiumIaELBRrSwhcpA8+EIsmS85RxWSfuq6l1Xa81ape7mGRXRCTpFF8hDN6iO7lEDtRBFAr2gV/TmPDvvzofzOW8tOPnMMVqA8/ULtAGYzQ==</latexit>

Qk,k 0
<latexit sha1_base64="wpzqvbNQU8qxnaZfhCFEFbbZybQ=">AAACA3icbVDLSgNBEJyNrxhfUY9eBoPgQcKuBPUY8OIxinlAsoTZyWwyZGZ2mekVwpKjH+BVP8GbePVD/AJ/w9lkDyaxoKGo6qa7K4gFN+C6305hbX1jc6u4XdrZ3ds/KB8etUyUaMqaNBKR7gTEMMEVawIHwTqxZkQGgrWD8W3mt5+YNjxSjzCJmS/JUPGQUwJWaj/00/GFnPbLFbfqzoBXiZeTCsrR6Jd/eoOIJpIpoIIY0/XcGPyUaOBUsGmplxgWEzomQ9a1VBHJjJ/Ozp3iM6sMcBhpWwrwTP07kRJpzEQGtlMSGJllLxP/87oJhDd+ylWcAFN0vihMBIYIZ7/jAdeMgphYQqjm9lZMR0QTCjahhS1UBpoPR5Al4y3nsEpal1Xvqlq7r1Xqbp5REZ2gU3SOPHSN6ugONVATUTRGL+gVvTnPzrvz4XzOWwtOPnOMFuB8/QJTLJif</latexit>

Rk,m

<latexit sha1_base64="YRfUJqT8k1P5vmi73L/ECdy39Cc=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48JmAckS5idzCZDZnaXmV4hLMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KEikMuu63U9jY3NreKe6W9vYPDo/KxyctE6ea8SaLZaw7ATVciog3UaDknURzqgLJ28H4fua3n7g2Io4ecZJwX9FhJELBKFqpMe6XK27VnYOsEy8nFchR75d/eoOYpYpHyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xraUQVN342P3RKLqwyIGGsbUVI5urfiYwqYyYqsJ2K4sisejPxP6+bYnjnZyJKUuQRWywKU0kwJrOvyUBozlBOLKFMC3srYSOqKUObzdIWpgIthiOc2mS81RzWSeuq6t1UrxvXlZqbZ1SEMziHS/DgFmrwAHVoAgMOL/AKb86z8+58OJ+L1oKTz5zCEpyvX9HCliE=</latexit>

k

<latexit sha1_base64="kLXUrfWoe8Uv/30zNzCE3r4ltZ0=">AAACAXicbVDLSgNBEJz1GeMr6tHLYBC8GHYlqMeAF0GECG4SSJYwO5lNhszMLjO9Qlhy8gO86id4E69+iV/gbzhJ9mASCxqKqm66u8JEcAOu++2srK6tb2wWtorbO7t7+6WDw4aJU02ZT2MR61ZIDBNcMR84CNZKNCMyFKwZDm8mfvOJacNj9QijhAWS9BWPOCVgJf8On+P7bqnsVtwp8DLxclJGOerd0k+nF9NUMgVUEGPanptAkBENnAo2LnZSwxJCh6TP2pYqIpkJsumxY3xqlR6OYm1LAZ6qfycyIo0ZydB2SgIDs+hNxP+8dgrRdZBxlaTAFJ0tilKBIcaTz3GPa0ZBjCwhVHN7K6YDogkFm8/cFipDzfsDGNtkvMUclknjouJdVqoP1XLNzTMqoGN0gs6Qh65QDd2iOvIRRRy9oFf05jw7786H8zlrXXHymSM0B+frF13gluM=</latexit>

K �M
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M = 2, K = 5

not helping if the second 
layer is not learned!

overparametrization beneficial 
by denoising!



Can we go beyond online gradient descent?
Analysis of multi-pass stochastic gradient descent
Involved but possible in simple models
▷ Use of dynamical mean-field theory (DMFT)

▷ Example: Perceptron classification of Gaussian mixtures
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Mézar, Parisi, Virasoro (1987),  Sompolinsky, Crisanti, Sommers (1988) etc...  
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Mignacco, et al (2020). Dynamical mean-field theory for stochastic gradient descent in Gaussian mixture classification. Neurips

Effect of the batchsize Effect of regularization

At each time sample in the mini-batch with probability b:**
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Dynamics of learning: Recap
▷ The dynamics of online gradient descent

can be studied in simple models by a set of 
closed ODEs on the overlaps
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Eg(R(k), Q(k)) �!
N!+1,dt!0

Eg(t)

▷ In the committee machine training, we can
describe the onset of the specialization transition

▷ Dynamical mean-field theory can help 
study batch grandient descent and 
understand the impact of batch-size 
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QUESTIONS?



Simple solvable models – what to focus on?
▷ Models of data

▷ Architectures

▷ Algorithms

35

degree of structure /
realism

solvability /
interpretability white noise CIFAR images?

« student »

« teacher »

ŷ
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to analysis perceptron CIFAR images?

Data

Model

Algorithm

closeness to 
modern practice

amenability 
to analysis online gradient descent mini-batch ADAM?



Broadening use of “mean-field approximations” 
in deep learning literature 
▷ “take advantage of concentration effects thanks to randomness in the large size limit”

* Analysis of statistical inference performance

* Signal propagation in deep neural networks
- Trainability of very deep network at init.
- Separation of structured data 

* Role of over-parametrization in trainability with Gradient Descent methods
- Convergence of SGD for 2-layers neural networks 

- Neural Tangent Kernels, Equivalence to Gaussian processes, “Lazy training”

- Online learning

*  Landscape, algorithms and interactions
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Reviews: - Zdeborová & Krzakala (2016) Statistical physics of inference: Thresholds and algorithms.
- Gabrié (2020) Mean field inference methods for neural networks.

e.g., Cohen, et al (2020). Separability and geometry of object manifolds in deep neural networks. 

e.g., Schoenholz et al.(2017). Deep Information Propagation. 

Dauphin et al (2014). Identifying and attacking the saddle point problem in high-dimensional non-convex optimization
Sarao Mannelli & Zdeborová (2020). Thresholds of descending algorithms in inference problems. 

e.g., Goldt, et al (2019). Dynamics of stochastic gradient descent for two-layer neural networks 
in the teacher-student setup

Chizat & Bach (2018), Mei, Montanari & Nguyen (2018), Rotskoff & Vanden-Eijnden (2018)

Jacot et al (2018), Lee et al (2019),  review: Bahri et al (2020) Statistical Mechanics of Deep Learning 



Selected references
▷ Review papers (among others):
- classical 

- physics & modern M.L.

- relevant statistical physics methods

▷ Books:
- classical stat. mech. 

of learning

- spin glass

- message passing
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Carleo, G., et. al  (2019). Machine learning and the physical sciences. 
Gabrié, M. (2019). Mean-field inference methods for neural networks.
Bahri, Y., et al. (2020). Statistical Mechanics of Deep Learning

Zdeborová, L., & Krzakala, F. (2016). Statistical physics of inference: Thresholds and algorithms
Castellani, T., Cavagna, A., Fisica, D., & Moro, P. A. (2005). Spin-Glass Theory for Pedestrians

Watkin, T. L. H., Rau, A., & Biehl, M. (1993). The statistical mechanics of learning a rule

Mézard, M., & Montanari, A. (2009). Information, Physics, and Computation. 

Engel, A., & Van den Broeck, C. (2001). Statistical Mechanics of Learning.
Opper, M., & Saad, D. (2001). Advanced mean field methods: Theory and practice. 

Mézard, M., Parisi, G., & Virasoro, M. (1986). Spin Glass Theory and Beyond
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Sketch of a replica computation

▷ Replica trick

▷ Rewritten in terms of order parameters

▷ Saddle point equations

▷ Order parameters are precisely what we need
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On a different note:

A statiscal mechanics inspired learning algorithm
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Learning representations with RBMs
▷ Definition Restricted Boltzmann Machine (RBM):

▷ Unsupervised learning:

▷ Applications:

x t
<latexit sha1_base64="RPztTlUxxxXTh1f02zpTPgck27U=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiRV0GXBjcsK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSfxBRnARhhvPKsFpz6+4CZJ14BalBgdaw+jUYxSyNuEImqTF9z03Qz6hGwSSfVwap4QllUzrmfUsVjbjxs0XkObmwyoiEsbZPIVmovzcyGhkziwI7mUc0q14u/uf1Uwxv/UyoJEWu2PKjMJUEY5LfT0ZCc4ZyZgllWtishE2opgxtS3kJ3urJ66TTqHtX9cbDda3ZKOoowxmcwyV4cANNuIcWtIFBDM/wCm8OOi/Ou/OxHC05xc4p/IHz+QMsCpEg</latexit>

p(x) =

Z
dt p(x, t)

<latexit sha1_base64="6PkLA4nehYZ5XDa17jJDo75L+hc=">AAACL3icbVBbS8MwGE3nbc5b1UdfgkPYQEY7BQURBoL4OMFdYC0jTdMtLL2QpOIo/Ue++Ff2IqKIr/4Ls66ibh4IHM75PnK+40SMCmkYL1phaXllda24XtrY3Nre0Xf32iKMOSYtHLKQdx0kCKMBaUkqGelGnCDfYaTjjK6mfueecEHD4E6OI2L7aBBQj2IkldTXr6OK5SM5dLzkIa3CS2jRQMJM4n7ipt+mTKF1AX8PH/9YVdjXy0bNyAAXiZmTMsjR7OsTyw1x7JNAYoaE6JlGJO0EcUkxI2nJigWJEB6hAekpGiCfCDvJ7k3hkVJc6IVcPZU2U39vJMgXYuw7anKaUcx7U/E/rxdL79xOaBDFkgR49pEXMyhDOC0PupQTLNlYEYQ5VVkhHiKOsFQVl1QJ5vzJi6Rdr5kntfrtablRz+soggNwCCrABGegAW5AE7QABo9gAl7Bm/akPWvv2sdstKDlO/vgD7TPL8FYqXU=</latexit>

Pairwise interactions input-hidden units 

x
<latexit sha1_base64="Yj47K6ex6fq11c3JduS9vxJbfFM=">AAAB8HicbVBNS8NAFHzxs9avqkcvi0XwVJIiqLeCF48VjC22oWy2m3bpZhN2X8QS+i+8eFDx6s/x5r9x2+agrQMLw8x77LwJUykMuu63s7K6tr6xWdoqb+/s7u1XDg7vTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+Hoeuq3Hrk2IlF3OE55ENOBEpFgFK300I0pDsMof5r0KlW35s5AlolXkCoUaPYqX91+wrKYK2SSGtPx3BSDnGoUTPJJuZsZnlI2ogPesVTRmJsgnyWekFOr9EmUaPsUkpn6eyOnsTHjOLST04Rm0ZuK/3mdDKPLIBcqzZArNv8oyiTBhEzPJ32hOUM5toQyLWxWwoZUU4a2pLItwVs8eZn49dpVzbs9rzbqRRslOIYTOAMPLqABN9AEHxgoeIZXeHOM8+K8Ox/z0RWn2DmCP3A+fwBjAJDg</latexit><latexit sha1_base64="Yj47K6ex6fq11c3JduS9vxJbfFM=">AAAB8HicbVBNS8NAFHzxs9avqkcvi0XwVJIiqLeCF48VjC22oWy2m3bpZhN2X8QS+i+8eFDx6s/x5r9x2+agrQMLw8x77LwJUykMuu63s7K6tr6xWdoqb+/s7u1XDg7vTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+Hoeuq3Hrk2IlF3OE55ENOBEpFgFK300I0pDsMof5r0KlW35s5AlolXkCoUaPYqX91+wrKYK2SSGtPx3BSDnGoUTPJJuZsZnlI2ogPesVTRmJsgnyWekFOr9EmUaPsUkpn6eyOnsTHjOLST04Rm0ZuK/3mdDKPLIBcqzZArNv8oyiTBhEzPJ32hOUM5toQyLWxWwoZUU4a2pLItwVs8eZn49dpVzbs9rzbqRRslOIYTOAMPLqABN9AEHxgoeIZXeHOM8+K8Ox/z0RWn2DmCP3A+fwBjAJDg</latexit><latexit sha1_base64="Yj47K6ex6fq11c3JduS9vxJbfFM=">AAAB8HicbVBNS8NAFHzxs9avqkcvi0XwVJIiqLeCF48VjC22oWy2m3bpZhN2X8QS+i+8eFDx6s/x5r9x2+agrQMLw8x77LwJUykMuu63s7K6tr6xWdoqb+/s7u1XDg7vTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+Hoeuq3Hrk2IlF3OE55ENOBEpFgFK300I0pDsMof5r0KlW35s5AlolXkCoUaPYqX91+wrKYK2SSGtPx3BSDnGoUTPJJuZsZnlI2ogPesVTRmJsgnyWekFOr9EmUaPsUkpn6eyOnsTHjOLST04Rm0ZuK/3mdDKPLIBcqzZArNv8oyiTBhEzPJ32hOUM5toQyLWxWwoZUU4a2pLItwVs8eZn49dpVzbs9rzbqRRslOIYTOAMPLqABN9AEHxgoeIZXeHOM8+K8Ox/z0RWn2DmCP3A+fwBjAJDg</latexit><latexit sha1_base64="Yj47K6ex6fq11c3JduS9vxJbfFM=">AAAB8HicbVBNS8NAFHzxs9avqkcvi0XwVJIiqLeCF48VjC22oWy2m3bpZhN2X8QS+i+8eFDx6s/x5r9x2+agrQMLw8x77LwJUykMuu63s7K6tr6xWdoqb+/s7u1XDg7vTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+Hoeuq3Hrk2IlF3OE55ENOBEpFgFK300I0pDsMof5r0KlW35s5AlolXkCoUaPYqX91+wrKYK2SSGtPx3BSDnGoUTPJJuZsZnlI2ogPesVTRmJsgnyWekFOr9EmUaPsUkpn6eyOnsTHjOLST04Rm0ZuK/3mdDKPLIBcqzZArNv8oyiTBhEzPJ32hOUM5toQyLWxWwoZUU4a2pLItwVs8eZn49dpVzbs9rzbqRRslOIYTOAMPLqABN9AEHxgoeIZXeHOM8+K8Ox/z0RWn2DmCP3A+fwBjAJDg</latexit>

W1
<latexit sha1_base64="+4aZkK91Xd1dfzPV9VTJoVnUoeE=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFSYx9LEruHFZ0dhCG8pkOmmHTiZhZiKU0E9w40LFrX/kzr9x0lZQ0QMXDufcy733hClnSiP0YZXW1jc2t8rblZ3dvf2D6uHRnUoySahPEp7IXogV5UxQXzPNaS+VFMchp91weln43XsqFUvErZ6lNIjxWLCIEayNdNMdOsNqDdmtZt316hDZCDUc1ymI2/AuPOgYpUANrNAZVt8Ho4RkMRWacKxU30GpDnIsNSOcziuDTNEUkyke076hAsdUBfni1Dk8M8oIRok0JTRcqN8nchwrNYtD0xljPVG/vUL8y+tnOmoGORNppqkgy0VRxqFOYPE3HDFJieYzQzCRzNwKyQRLTLRJp2JC+PoU/k98127ZzrVXa6NVGmVwAk7BOXBAA7TBFegAHxAwBg/gCTxb3Hq0XqzXZWvJWs0cgx+w3j4BobONgw==</latexit><latexit sha1_base64="+4aZkK91Xd1dfzPV9VTJoVnUoeE=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFSYx9LEruHFZ0dhCG8pkOmmHTiZhZiKU0E9w40LFrX/kzr9x0lZQ0QMXDufcy733hClnSiP0YZXW1jc2t8rblZ3dvf2D6uHRnUoySahPEp7IXogV5UxQXzPNaS+VFMchp91weln43XsqFUvErZ6lNIjxWLCIEayNdNMdOsNqDdmtZt316hDZCDUc1ymI2/AuPOgYpUANrNAZVt8Ho4RkMRWacKxU30GpDnIsNSOcziuDTNEUkyke076hAsdUBfni1Dk8M8oIRok0JTRcqN8nchwrNYtD0xljPVG/vUL8y+tnOmoGORNppqkgy0VRxqFOYPE3HDFJieYzQzCRzNwKyQRLTLRJp2JC+PoU/k98127ZzrVXa6NVGmVwAk7BOXBAA7TBFegAHxAwBg/gCTxb3Hq0XqzXZWvJWs0cgx+w3j4BobONgw==</latexit><latexit sha1_base64="+4aZkK91Xd1dfzPV9VTJoVnUoeE=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFSYx9LEruHFZ0dhCG8pkOmmHTiZhZiKU0E9w40LFrX/kzr9x0lZQ0QMXDufcy733hClnSiP0YZXW1jc2t8rblZ3dvf2D6uHRnUoySahPEp7IXogV5UxQXzPNaS+VFMchp91weln43XsqFUvErZ6lNIjxWLCIEayNdNMdOsNqDdmtZt316hDZCDUc1ymI2/AuPOgYpUANrNAZVt8Ho4RkMRWacKxU30GpDnIsNSOcziuDTNEUkyke076hAsdUBfni1Dk8M8oIRok0JTRcqN8nchwrNYtD0xljPVG/vUL8y+tnOmoGORNppqkgy0VRxqFOYPE3HDFJieYzQzCRzNwKyQRLTLRJp2JC+PoU/k98127ZzrVXa6NVGmVwAk7BOXBAA7TBFegAHxAwBg/gCTxb3Hq0XqzXZWvJWs0cgx+w3j4BobONgw==</latexit><latexit sha1_base64="+4aZkK91Xd1dfzPV9VTJoVnUoeE=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFSYx9LEruHFZ0dhCG8pkOmmHTiZhZiKU0E9w40LFrX/kzr9x0lZQ0QMXDufcy733hClnSiP0YZXW1jc2t8rblZ3dvf2D6uHRnUoySahPEp7IXogV5UxQXzPNaS+VFMchp91weln43XsqFUvErZ6lNIjxWLCIEayNdNMdOsNqDdmtZt316hDZCDUc1ymI2/AuPOgYpUANrNAZVt8Ho4RkMRWacKxU30GpDnIsNSOcziuDTNEUkyke076hAsdUBfni1Dk8M8oIRok0JTRcqN8nchwrNYtD0xljPVG/vUL8y+tnOmoGORNppqkgy0VRxqFOYPE3HDFJieYzQzCRzNwKyQRLTLRJp2JC+PoU/k98127ZzrVXa6NVGmVwAk7BOXBAA7TBFegAHxAwBg/gCTxb3Hq0XqzXZWvJWs0cgx+w3j4BobONgw==</latexit>

W2
<latexit sha1_base64="rQ77wjdxh6MK4IjXFbOr2z4qjAc=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFSYx9LEruHFZ0dhCG8pkOmmHTiZhZiKU0E9w40LFrX/kzr9x0lZQ0QMXDufcy733hClnSiP0YZXW1jc2t8rblZ3dvf2D6uHRnUoySahPEp7IXogV5UxQXzPNaS+VFMchp91weln43XsqFUvErZ6lNIjxWLCIEayNdNMdusNqDdmtZt316hDZCDUc1ymI2/AuPOgYpUANrNAZVt8Ho4RkMRWacKxU30GpDnIsNSOcziuDTNEUkyke076hAsdUBfni1Dk8M8oIRok0JTRcqN8nchwrNYtD0xljPVG/vUL8y+tnOmoGORNppqkgy0VRxqFOYPE3HDFJieYzQzCRzNwKyQRLTLRJp2JC+PoU/k98127ZzrVXa6NVGmVwAk7BOXBAA7TBFegAHxAwBg/gCTxb3Hq0XqzXZWvJWs0cgx+w3j4BozaNhA==</latexit><latexit sha1_base64="rQ77wjdxh6MK4IjXFbOr2z4qjAc=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFSYx9LEruHFZ0dhCG8pkOmmHTiZhZiKU0E9w40LFrX/kzr9x0lZQ0QMXDufcy733hClnSiP0YZXW1jc2t8rblZ3dvf2D6uHRnUoySahPEp7IXogV5UxQXzPNaS+VFMchp91weln43XsqFUvErZ6lNIjxWLCIEayNdNMdusNqDdmtZt316hDZCDUc1ymI2/AuPOgYpUANrNAZVt8Ho4RkMRWacKxU30GpDnIsNSOcziuDTNEUkyke076hAsdUBfni1Dk8M8oIRok0JTRcqN8nchwrNYtD0xljPVG/vUL8y+tnOmoGORNppqkgy0VRxqFOYPE3HDFJieYzQzCRzNwKyQRLTLRJp2JC+PoU/k98127ZzrVXa6NVGmVwAk7BOXBAA7TBFegAHxAwBg/gCTxb3Hq0XqzXZWvJWs0cgx+w3j4BozaNhA==</latexit><latexit sha1_base64="rQ77wjdxh6MK4IjXFbOr2z4qjAc=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFSYx9LEruHFZ0dhCG8pkOmmHTiZhZiKU0E9w40LFrX/kzr9x0lZQ0QMXDufcy733hClnSiP0YZXW1jc2t8rblZ3dvf2D6uHRnUoySahPEp7IXogV5UxQXzPNaS+VFMchp91weln43XsqFUvErZ6lNIjxWLCIEayNdNMdusNqDdmtZt316hDZCDUc1ymI2/AuPOgYpUANrNAZVt8Ho4RkMRWacKxU30GpDnIsNSOcziuDTNEUkyke076hAsdUBfni1Dk8M8oIRok0JTRcqN8nchwrNYtD0xljPVG/vUL8y+tnOmoGORNppqkgy0VRxqFOYPE3HDFJieYzQzCRzNwKyQRLTLRJp2JC+PoU/k98127ZzrVXa6NVGmVwAk7BOXBAA7TBFegAHxAwBg/gCTxb3Hq0XqzXZWvJWs0cgx+w3j4BozaNhA==</latexit><latexit sha1_base64="rQ77wjdxh6MK4IjXFbOr2z4qjAc=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFSYx9LEruHFZ0dhCG8pkOmmHTiZhZiKU0E9w40LFrX/kzr9x0lZQ0QMXDufcy733hClnSiP0YZXW1jc2t8rblZ3dvf2D6uHRnUoySahPEp7IXogV5UxQXzPNaS+VFMchp91weln43XsqFUvErZ6lNIjxWLCIEayNdNMdusNqDdmtZt316hDZCDUc1ymI2/AuPOgYpUANrNAZVt8Ho4RkMRWacKxU30GpDnIsNSOcziuDTNEUkyke076hAsdUBfni1Dk8M8oIRok0JTRcqN8nchwrNYtD0xljPVG/vUL8y+tnOmoGORNppqkgy0VRxqFOYPE3HDFJieYzQzCRzNwKyQRLTLRJp2JC+PoU/k98127ZzrVXa6NVGmVwAk7BOXBAA7TBFegAHxAwBg/gCTxb3Hq0XqzXZWvJWs0cgx+w3j4BozaNhA==</latexit>

W3
<latexit sha1_base64="+ilfryobXcZSJ//yfR09HhtQb7M=">AAAB6XicdVDLSsNAFJ34rPVVdelmsAiuwiQNfewKblxWNLbQhjKZTtqhk0mYmQgl9BPcuFBx6x+582+ctBVU9MCFwzn3cu89YcqZ0gh9WGvrG5tb26Wd8u7e/sFh5ej4TiWZJNQnCU9kL8SKciaor5nmtJdKiuOQ0244vSz87j2ViiXiVs9SGsR4LFjECNZGuukOa8NKFdmtZt316hDZCDUc1ymI2/BqHnSMUqAKVugMK++DUUKymApNOFaq76BUBzmWmhFO5+VBpmiKyRSPad9QgWOqgnxx6hyeG2UEo0SaEhou1O8TOY6VmsWh6YyxnqjfXiH+5fUzHTWDnIk001SQ5aIo41AnsPgbjpikRPOZIZhIZm6FZIIlJtqkUzYhfH0K/ye+a7ds59qrttEqjRI4BWfgAjigAdrgCnSADwgYgwfwBJ4tbj1aL9brsnXNWs2cgB+w3j4BpLmNhQ==</latexit><latexit sha1_base64="+ilfryobXcZSJ//yfR09HhtQb7M=">AAAB6XicdVDLSsNAFJ34rPVVdelmsAiuwiQNfewKblxWNLbQhjKZTtqhk0mYmQgl9BPcuFBx6x+582+ctBVU9MCFwzn3cu89YcqZ0gh9WGvrG5tb26Wd8u7e/sFh5ej4TiWZJNQnCU9kL8SKciaor5nmtJdKiuOQ0244vSz87j2ViiXiVs9SGsR4LFjECNZGuukOa8NKFdmtZt316hDZCDUc1ymI2/BqHnSMUqAKVugMK++DUUKymApNOFaq76BUBzmWmhFO5+VBpmiKyRSPad9QgWOqgnxx6hyeG2UEo0SaEhou1O8TOY6VmsWh6YyxnqjfXiH+5fUzHTWDnIk001SQ5aIo41AnsPgbjpikRPOZIZhIZm6FZIIlJtqkUzYhfH0K/ye+a7ds59qrttEqjRI4BWfgAjigAdrgCnSADwgYgwfwBJ4tbj1aL9brsnXNWs2cgB+w3j4BpLmNhQ==</latexit><latexit sha1_base64="+ilfryobXcZSJ//yfR09HhtQb7M=">AAAB6XicdVDLSsNAFJ34rPVVdelmsAiuwiQNfewKblxWNLbQhjKZTtqhk0mYmQgl9BPcuFBx6x+582+ctBVU9MCFwzn3cu89YcqZ0gh9WGvrG5tb26Wd8u7e/sFh5ej4TiWZJNQnCU9kL8SKciaor5nmtJdKiuOQ0244vSz87j2ViiXiVs9SGsR4LFjECNZGuukOa8NKFdmtZt316hDZCDUc1ymI2/BqHnSMUqAKVugMK++DUUKymApNOFaq76BUBzmWmhFO5+VBpmiKyRSPad9QgWOqgnxx6hyeG2UEo0SaEhou1O8TOY6VmsWh6YyxnqjfXiH+5fUzHTWDnIk001SQ5aIo41AnsPgbjpikRPOZIZhIZm6FZIIlJtqkUzYhfH0K/ye+a7ds59qrttEqjRI4BWfgAjigAdrgCnSADwgYgwfwBJ4tbj1aL9brsnXNWs2cgB+w3j4BpLmNhQ==</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="Ay1zz7l+AAv/HMrSd3IBTAdYSM0=">AAAB3nicbZDNSgMxFIXv+Ftr1erWTbAIrsqMLtSd4MZlRccW2qFk0jttaCYzJHeEUvoIblyo+FjufBvTn4W2Hgh8nJOQe0+cK2nJ97+9tfWNza3t0k55t7K3f1A9rDzZrDACQ5GpzLRiblFJjSFJUtjKDfI0VtiMh7fTvPmMxspMP9IoxyjlfS0TKTg566HZvehWa37dn4mtQrCAGizU6Fa/Or1MFClqEopb2w78nKIxNySFwkm5U1jMuRjyPrYdap6ijcazUSfs1Dk9lmTGHU1s5v5+MeaptaM0djdTTgO7nE3N/7J2QclVNJY6Lwi1mH+UFIpRxqZ7s540KEiNHHBhpJuViQE3XJBrp+xKCJZXXoXwvH5dD+59KMExnMAZBHAJN3AHDQhBQB9e4A3ePeW9eh/ztta8RW1H8Efe5w8yQYwB</latexit><latexit sha1_base64="szipQDLvZoaclYRnfqjVPszYLbk=">AAAB3nicdZBPS8MwGMbf+nfOqdOrl+AQPJW2G/tzE7x4nGjdYCsjzdItLE1Lkgqj7CN48aDix/LmtzHdJqjoA4GH35OQ933ClDOlHefD2tjc2t7ZLe2V9ysHh0fV48q9SjJJqE8Snsh+iBXlTFBfM81pP5UUxyGnvXB2VeS9ByoVS8Sdnqc0iPFEsIgRrA267Y3qo2rNsTvtptdoIsd2nJbruYXxWo16A7mGFKrBWt1R9X04TkgWU6EJx0oNXCfVQY6lZoTTRXmYKZpiMsMTOjBW4JiqIF+OukDnhoxRlEhzhEZL+v1FjmOl5nFobsZYT9XvrIB/ZYNMR+0gZyLNNBVk9VGUcaQTVOyNxkxSovncGEwkM7MiMsUSE23aKZsSvjZF/xvfszu2e+NACU7hDC7AhRZcwjV0wQcCE3iEZ3ixuPVkva7a2rDWtZ3AD1lvn484jEM=</latexit><latexit sha1_base64="PMPj/aj0PHtU3ix7juE6YH1ZJmI=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBA8LbObkMct4MVjRNcEkiXMTmaTIbMPZmaFEPIJXjyoePWPvPk3ziYRVLSgoajqprsrSAVXGuMPa219Y3Nru7BT3N3bPzgsHR3fqSSTlHk0EYnsBkQxwWPmaa4F66aSkSgQrBNMLnO/c8+k4kl8q6cp8yMyinnIKdFGuukMKoNSGdvNRs2t1hC2Ma47rpMTt16tVJFjlBxlWKE9KL33hwnNIhZrKohSPQen2p8RqTkVbF7sZ4qlhE7IiPUMjUnElD9bnDpH50YZojCRpmKNFur3iRmJlJpGgemMiB6r314u/uX1Mh02/BmP00yzmC4XhZlAOkH532jIJaNaTA0hVHJzK6JjIgnVJp2iCeHrU/Q/8Vy7aTvXuNzCqzQKcApncAEO1KEFV9AGDyiM4AGe4NkS1qP1Yr0uW9es1cwJ/ID19gmjeY2B</latexit><latexit sha1_base64="+ilfryobXcZSJ//yfR09HhtQb7M=">AAAB6XicdVDLSsNAFJ34rPVVdelmsAiuwiQNfewKblxWNLbQhjKZTtqhk0mYmQgl9BPcuFBx6x+582+ctBVU9MCFwzn3cu89YcqZ0gh9WGvrG5tb26Wd8u7e/sFh5ej4TiWZJNQnCU9kL8SKciaor5nmtJdKiuOQ0244vSz87j2ViiXiVs9SGsR4LFjECNZGuukOa8NKFdmtZt316hDZCDUc1ymI2/BqHnSMUqAKVugMK++DUUKymApNOFaq76BUBzmWmhFO5+VBpmiKyRSPad9QgWOqgnxx6hyeG2UEo0SaEhou1O8TOY6VmsWh6YyxnqjfXiH+5fUzHTWDnIk001SQ5aIo41AnsPgbjpikRPOZIZhIZm6FZIIlJtqkUzYhfH0K/ye+a7ds59qrttEqjRI4BWfgAjigAdrgCnSADwgYgwfwBJ4tbj1aL9brsnXNWs2cgB+w3j4BpLmNhQ==</latexit><latexit sha1_base64="+ilfryobXcZSJ//yfR09HhtQb7M=">AAAB6XicdVDLSsNAFJ34rPVVdelmsAiuwiQNfewKblxWNLbQhjKZTtqhk0mYmQgl9BPcuFBx6x+582+ctBVU9MCFwzn3cu89YcqZ0gh9WGvrG5tb26Wd8u7e/sFh5ej4TiWZJNQnCU9kL8SKciaor5nmtJdKiuOQ0244vSz87j2ViiXiVs9SGsR4LFjECNZGuukOa8NKFdmtZt316hDZCDUc1ymI2/BqHnSMUqAKVugMK++DUUKymApNOFaq76BUBzmWmhFO5+VBpmiKyRSPad9QgWOqgnxx6hyeG2UEo0SaEhou1O8TOY6VmsWh6YyxnqjfXiH+5fUzHTWDnIk001SQ5aIo41AnsPgbjpikRPOZIZhIZm6FZIIlJtqkUzYhfH0K/ye+a7ds59qrttEqjRI4BWfgAjigAdrgCnSADwgYgwfwBJ4tbj1aL9brsnXNWs2cgB+w3j4BpLmNhQ==</latexit><latexit sha1_base64="+ilfryobXcZSJ//yfR09HhtQb7M=">AAAB6XicdVDLSsNAFJ34rPVVdelmsAiuwiQNfewKblxWNLbQhjKZTtqhk0mYmQgl9BPcuFBx6x+582+ctBVU9MCFwzn3cu89YcqZ0gh9WGvrG5tb26Wd8u7e/sFh5ej4TiWZJNQnCU9kL8SKciaor5nmtJdKiuOQ0244vSz87j2ViiXiVs9SGsR4LFjECNZGuukOa8NKFdmtZt316hDZCDUc1ymI2/BqHnSMUqAKVugMK++DUUKymApNOFaq76BUBzmWmhFO5+VBpmiKyRSPad9QgWOqgnxx6hyeG2UEo0SaEhou1O8TOY6VmsWh6YyxnqjfXiH+5fUzHTWDnIk001SQ5aIo41AnsPgbjpikRPOZIZhIZm6FZIIlJtqkUzYhfH0K/ye+a7ds59qrttEqjRI4BWfgAjigAdrgCnSADwgYgwfwBJ4tbj1aL9brsnXNWs2cgB+w3j4BpLmNhQ==</latexit><latexit sha1_base64="+ilfryobXcZSJ//yfR09HhtQb7M=">AAAB6XicdVDLSsNAFJ34rPVVdelmsAiuwiQNfewKblxWNLbQhjKZTtqhk0mYmQgl9BPcuFBx6x+582+ctBVU9MCFwzn3cu89YcqZ0gh9WGvrG5tb26Wd8u7e/sFh5ej4TiWZJNQnCU9kL8SKciaor5nmtJdKiuOQ0244vSz87j2ViiXiVs9SGsR4LFjECNZGuukOa8NKFdmtZt316hDZCDUc1ymI2/BqHnSMUqAKVugMK++DUUKymApNOFaq76BUBzmWmhFO5+VBpmiKyRSPad9QgWOqgnxx6hyeG2UEo0SaEhou1O8TOY6VmsWh6YyxnqjfXiH+5fUzHTWDnIk001SQ5aIo41AnsPgbjpikRPOZIZhIZm6FZIIlJtqkUzYhfH0K/ye+a7ds59qrttEqjRI4BWfgAjigAdrgCnSADwgYgwfwBJ4tbj1aL9brsnXNWs2cgB+w3j4BpLmNhQ==</latexit><latexit sha1_base64="+ilfryobXcZSJ//yfR09HhtQb7M=">AAAB6XicdVDLSsNAFJ34rPVVdelmsAiuwiQNfewKblxWNLbQhjKZTtqhk0mYmQgl9BPcuFBx6x+582+ctBVU9MCFwzn3cu89YcqZ0gh9WGvrG5tb26Wd8u7e/sFh5ej4TiWZJNQnCU9kL8SKciaor5nmtJdKiuOQ0244vSz87j2ViiXiVs9SGsR4LFjECNZGuukOa8NKFdmtZt316hDZCDUc1ymI2/BqHnSMUqAKVugMK++DUUKymApNOFaq76BUBzmWmhFO5+VBpmiKyRSPad9QgWOqgnxx6hyeG2UEo0SaEhou1O8TOY6VmsWh6YyxnqjfXiH+5fUzHTWDnIk001SQ5aIo41AnsPgbjpikRPOZIZhIZm6FZIIlJtqkUzYhfH0K/ye+a7ds59qrttEqjRI4BWfgAjigAdrgCnSADwgYgwfwBJ4tbj1aL9brsnXNWs2cgB+w3j4BpLmNhQ==</latexit><latexit sha1_base64="+ilfryobXcZSJ//yfR09HhtQb7M=">AAAB6XicdVDLSsNAFJ34rPVVdelmsAiuwiQNfewKblxWNLbQhjKZTtqhk0mYmQgl9BPcuFBx6x+582+ctBVU9MCFwzn3cu89YcqZ0gh9WGvrG5tb26Wd8u7e/sFh5ej4TiWZJNQnCU9kL8SKciaor5nmtJdKiuOQ0244vSz87j2ViiXiVs9SGsR4LFjECNZGuukOa8NKFdmtZt316hDZCDUc1ymI2/BqHnSMUqAKVugMK++DUUKymApNOFaq76BUBzmWmhFO5+VBpmiKyRSPad9QgWOqgnxx6hyeG2UEo0SaEhou1O8TOY6VmsWh6YyxnqjfXiH+5fUzHTWDnIk001SQ5aIo41AnsPgbjpikRPOZIZhIZm6FZIIlJtqkUzYhfH0K/ye+a7ds59qrttEqjRI4BWfgAjigAdrgCnSADwgYgwfwBJ4tbj1aL9brsnXNWs2cgB+w3j4BpLmNhQ==</latexit>

t1
<latexit sha1_base64="lFRxDb9CwuKJZXw1sTaL8/fCIB8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFNy4r2Ae0Q8mkmTY0kxmTO4Uy9DvcuFDErR/jzr8x03ahrQcCh3Pu5Z6cIJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M73K/PeHaiFg94jThfkSHSoSCUbSS34sojoIww1nfK/XLFbfqzkHWibckFVii0S9/9QYxSyOukElqTNdzE/QzqlEwyWelXmp4QtmYDnnXUkUjbvxsHnpGLqwyIGGs7VNI5urvjYxGxkyjwE7mIc2ql4v/ed0Uw1s/EypJkSu2OBSmkmBM8gbIQGjOUE4toUwLm5WwEdWUoe0pL8Fb/fI6adWq3lW19nBdqdeWdRThDM7hEjy4gTrcQwOawOAJnuEV3pyJ8+K8Ox+L0YKz3DmFP3A+fwBZrpHE</latexit> t2

<latexit sha1_base64="yrWzCf8cm6Sby/bjpqD/rcWpOus=">AAAB9HicbVDLSsNAFL2pr1pfVZdugkVwVZIo6LLgxmUF+4A2lMl00g6dTOLMTaGEfocbF4q49WPc+TdO2iy09cDA4Zx7uWdOkAiu0XG+rdLG5tb2Tnm3srd/cHhUPT5p6zhVlLVoLGLVDYhmgkvWQo6CdRPFSBQI1gkmd7nfmTKleSwfcZYwPyIjyUNOCRrJ70cEx0GY4XzgVQbVmlN3FrDXiVuQGhRoDqpf/WFM04hJpIJo3XOdBP2MKORUsHmln2qWEDohI9YzVJKIaT9bhJ7bF0YZ2mGszJNoL9TfGxmJtJ5FgZnMQ+pVLxf/83ophrd+xmWSIpN0eShMhY2xnTdgD7liFMXMEEIVN1ltOiaKUDQ95SW4q19eJ22v7l7VvYfrWsMr6ijDGZzDJbhwAw24hya0gMITPMMrvFlT68V6tz6WoyWr2DmFP7A+fwBbM5HF</latexit>

Effective interactions all orders

learn ⇠ p(x)
<latexit sha1_base64="3DwEyQUb66m1cI5TR10Fqa1yPMg=">AAAB+3icbVBNS8NAFHypX7V+xXr0sliEeilJFfRY8OKxgm2FJpTNdtMu3U3C7kZaQv+KFw+KePWPePPfuGlz0NaBhWHmPd7sBAlnSjvOt1Xa2Nza3invVvb2Dw6P7ONqV8WpJLRDYh7LxwAryllEO5ppTh8TSbEIOO0Fk9vc7z1RqVgcPehZQn2BRxELGcHaSAO76ikmUFL3BNbjIMym84uBXXMazgJonbgFqUGB9sD+8oYxSQWNNOFYqb7rJNrPsNSMcDqveKmiCSYTPKJ9QyMsqPKzRfY5OjfKEIWxNC/SaKH+3siwUGomAjOZR1SrXi7+5/VTHd74GYuSVNOILA+FKUc6RnkRaMgkJZrPDMFEMpMVkTGWmGhTV8WU4K5+eZ10mw33stG8v6q1mkUdZTiFM6iDC9fQgjtoQwcITOEZXuHNmlsv1rv1sRwtWcXOCfyB9fkDk2KUFw==</latexit>

xi = 0, 1
<latexit sha1_base64="NCEZU1IT9dWmYmsEE+3Qd0ILQyA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgQcJuFPQiBLx4jGAemIQwO5lNhszOLjO9YljyF148KOLVv/Hm3zhJ9qCJBQ1FVTfdXX4shUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdMunhkuheB0FSt6KNaehL3nTH91M/eYj10ZE6h7HMe+GdKBEIBhFKz089QS5Ju4Z8XrFklt2ZyDLxMtICTLUesWvTj9iScgVMkmNaXtujN2UahRM8kmhkxgeUzaiA962VNGQm246u3hCTqzSJ0GkbSkkM/X3REpDY8ahbztDikOz6E3F/7x2gsFVNxUqTpArNl8UJJJgRKbvk77QnKEcW0KZFvZWwoZUU4Y2pIINwVt8eZk0KmXvvFy5uyhVK1kceTiCYzgFDy6hCrdQgzowUPAMr/DmGOfFeXc+5q05J5s5hD9wPn8AL56PPA==</latexit>

t↵ = 0, 1
<latexit sha1_base64="s+uICy51qdimVU83nXTVewQHxo0=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAIHiTsRkEvQsCLxwjmAcmyzE5mkyGzD2Z6hRjyJV48KOLVT/Hm3zhJ9qCJBQ1FVTfdXUEqhUbH+bYKa+sbm1vF7dLO7t5+2T44bOkkU4w3WSIT1Qmo5lLEvIkCJe+kitMokLwdjG5nfvuRKy2S+AHHKfciOohFKBhFI/l2Gf0elemQkhvinBPXtytO1ZmDrBI3JxXI0fDtr14/YVnEY2SSat11nRS9CVUomOTTUi/TPKVsRAe8a2hMI669yfzwKTk1Sp+EiTIVI5mrvycmNNJ6HAWmM6I41MveTPzP62YYXnsTEacZ8pgtFoWZJJiQWQqkLxRnKMeGUKaEuZWwIVWUocmqZEJwl19eJa1a1b2o1u4vK/VaHkcRjuEEzsCFK6jDHTSgCQwyeIZXeLOerBfr3fpYtBasfOYI/sD6/AFva5GU</latexit>

sample

Pretraining of deep networks Biophysics models

Quantum physics

p(x, t) =
1

Z e

NP
i=1

bx,ixi+
MP

↵=1
bt,↵t↵+

P
↵,i

Wi↵xit↵

<latexit sha1_base64="Ncz+9SJUpXMS4bXgkc4FjIGcVe8="></latexit>

✓ = {bx, bt, W}
<latexit sha1_base64="VYVcJJAIMDwR5L8bu9prJRhUOJI="></latexit>

D = {x(k)}Pk=1
<latexit sha1_base64="lTzpiDGi0a03RRufd4MSvKj1ruE=">AAACEXicbVDLSsNAFJ3UV62vqEs3wSLUTUmqoJtCQRcuK9gHNGmYTCft0MmDmYlYhvyCG3/FjQtF3Lpz5984SbPQ1gMDZ865l3vv8WJKuDDNb620srq2vlHerGxt7+zu6fsHXR4lDOEOimjE+h7kmJIQdwQRFPdjhmHgUdzzpleZ37vHjJMovBOzGDsBHIfEJwgKJbl6zQ6gmCBI5XXatGX+83z5kA5lbXqa2umw7cpp00pdvW rWzRzGMrEKUgUF2q7+ZY8ilAQ4FIhCzgeWGQtHQiYIojit2AnHMURTOMYDRUMYYO7I/KLUOFHKyPAjpl4ojFz93SFhwPks8FRltjFf9DLxP2+QCP/SkSSME4FDNB/kJ9QQkZHFY4wIw0jQmSIQMaJ2NdAEMoiECrGiQrAWT14m3UbdOqs3bs+rLbOIowyOwDGoAQtcgBa4AW3QAQg8gmfwCt60J+1Fe9c+5qUlreg5BH+gff4AFBedug==</latexit>

MNIST 
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▷ Maximum likelihood learning

▷ But intractable exact inference

▷ Approximations
! Approximate Monte Carlo:  Contrastive Divergence

! Mean-field strategies ? 
- Without hidden units:

- With hidden units:

Learning in Restricted Boltzmann Machines 
(RBMs)

x t
<latexit sha1_base64="RPztTlUxxxXTh1f02zpTPgck27U=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiRV0GXBjcsK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSfxBRnARhhvPKsFpz6+4CZJ14BalBgdaw+jUYxSyNuEImqTF9z03Qz6hGwSSfVwap4QllUzrmfUsVjbjxs0XkObmwyoiEsbZPIVmovzcyGhkziwI7mUc0q14u/uf1Uwxv/UyoJEWu2PKjMJUEY5LfT0ZCc4ZyZgllWtishE2opgxtS3kJ3urJ66TTqHtX9cbDda3ZKOoowxmcwyV4cANNuIcWtIFBDM/wCm8OOi/Ou/OxHC05xc4p/IHz+QMsCpEg</latexit>

`(W,bx,bt) =
PY

k=1

p(x(k))
<latexit sha1_base64="5HI2y2ZRWOuCn51lVOAsINznsU0="></latexit>

terms !

Can we use other mean-field methods to ease inference and learning ?

2M+N
<latexit sha1_base64="W0Dm0RkrohiwQK5UQQ26Pt8T7yQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMePGiRDAPSNYwO+kkQ2Znl5lZISz5CC8eFPHq93jzb5wke9DEgoaiqpvuriAWXBvX/XZyK6tr6xv5zcLW9s7uXnH/oKGjRDGss0hEqhVQjYJLrBtuBLZihTQMBDaD0fXUbz6h0jySD2Ycox/SgeR9zqixUrPymN6e3U26xZJbdmcgy8TLSAky1LrFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns3Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9Kz/lMk4MSjZf1E8EMRGZ/k56XCEzYmwJZYrbWwkbUkWZsQkVbAje4svLpFEpe+flyv1FqepmceThCI7hFDy4hCrcQA3qwGAEz/AKb07svDjvzse8NedkM4fwB87nD46gjwA=</latexit>

(Hinton 2002)

(Kappen, 1999; Cocco & Monasson, 2012; Ricci-Tersenghi 2012 etc ..)

(Tieleman et al. 2009; Salakhutdinov & Hinton, 2009)

Z =
X

x,t

e

NP
i=1

bx,ixi+
MP

↵=1
bt,↵t↵+

P
↵,i

Wi↵xit↵

<latexit sha1_base64="U0QL+no3yBqB1NEIcHCZsApnjZc="></latexit>

Probability of training data 
according to RBM + gradient ascent !

state-of-the-art
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only naive 
mean-field



o Free energy functional at fixed magnetizations ( ) + without
interactions

o Select magnetizations of minimum free energy

From Naive mean-field (NMF) to 
Thouless-Anderson-Palmer (TAP) approximation 

xi = 0, 1
<latexit sha1_base64="CV5qdIDdB6/JQQnActyAZpX43wQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5TdKuhFKHjxWMF+SLuUbJptQ5PskmTFsvRXePGgiFd/jjf/jel2D9r6YODx3gwz84KYM21c99sprKyurW8UN0tb2zu7e+X9g5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfhm5rcfqdIskvdmElNf4KFkISPYWOnhqc/QNXLPvH654lbdDGiZeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFrqJZrGmIzxkHYtlVhQ7afZwVN0YpUBCiNlSxqUqb8nUiy0nojAdgpsRnrRm4n/ed3EhFd+ymScGCrJfFGYcGQiNPseDZiixPCJJZgoZm9FZIQVJsZmVLIheIsvL5NWreqdV2t3F5W6m8dRhCM4hlPw4BLqcAsNaAIBAc/wCm+Ocl6cd+dj3lpw8plD+APn8wfXSI8Q</latexit>

(Thouless, Andersson & Palmer 1977, Plefka 1982, Georges & Yedidia 1999)  

�(x) =
1

1 + e�x

NMF TAP

NMF
TAP

@G

@mi
= 0 ) mi = �

2

4�bi +
X

j

�Wijmj � �2Wij
2

✓
mi �

1

2

◆
(mj �m2

j )

3

5

<latexit sha1_base64="KZ0bm/nlnqdeOAhHyaEdWXrKdQk="></latexit>

≈ ``𝛽 → 0’’ = easy to compute
hxiim = mi

<latexit sha1_base64="N/5cZAaxcku4tfjYSsEDTc7sEkM="></latexit>

@G

@mi
= 0 ) mi = �

2

4�bi +
X

j

�Wijmj

3

5

<latexit sha1_base64="rJXC4wTZfsmS987zggZsHEJkH6k="></latexit>
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E(x) = �
NX

i=1

bixi �
X

i,j

Wijxixj

<latexit sha1_base64="70JiaJUxDSSFb8kW029lzdv1mtQ="></latexit>

xi
<latexit sha1_base64="TYW/Xco6bW2Vq0maIa++oR/Dhxs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Tn/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndRrd1dVupuHkcRTuAUzsGDK6jDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBcdI3K</latexit>

xj
<latexit sha1_base64="12mdtzuWkSKzppiLGbJrGozZYjo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGi/YA2lM120q7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfUeeqWyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTSrFe+8Ur29KNfcPI4CHMMJnIEHl1CDG6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AFd+I3L</latexit>

entropy
��G(m) = HNMF(m)� �hE(x)im

<latexit sha1_base64="lwtHkNsXBOZkepvKEdUy8U/HGFc="></latexit>

��G(m) = HNMF(m) + �

NX

i=1

bimi + �

X
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Wijmimj

<latexit sha1_base64="SxMd1A0ZjipsStW0R44q19yFLMg="></latexit>
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bimi + �

X
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Wijmimj +
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2
Wij

2(mi �m
2
i )(mj �m

2
j )

<latexit sha1_base64="0vaM+GjiFhhqqsn/eLg7iMPnoz4="></latexit>



TAP
NMF
CD

log-likelihood

training time

?

Maximum likelihood training with TAP 

Binarized
MNIST 

! High-temperature = small weights

!

! Compare TAP/MCMC (CD) approx of likelihood and gradients 

pseudo log-likelihood TAP log-likelihood

(M.G., E. Tramel & F. Krzakala NIPS 2015)

Further checks:  

! No significant improvements with more orders / AdaTAP

! Extends to real-valued variables

46

comparable 
running times

lnZ ⇡ �G(m)
<latexit sha1_base64="R6cGMgifBYYUDVlmr6D7rNv29Tw="></latexit>



Following the learned TAP representations 1/2 

NMF TAP

TAP fixed points with trained weights and biases
for different initializations

Now for a naive-MF machine

(M.G., E. Tramel & F. Krzakala NIPS 2015)
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2
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1
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2
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#

<latexit sha1_base64="UMDLkOG1jQtv+FnNDqCllq7x2KU="></latexit>
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Following the learned TAP representations 2/2 
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Epoch 1Epoch 3Epoch 5Epoch 25Epoch 50Epoch 100 

(E.Tramel, M.G., A. Manoel, F. Caltagirone, F. Krzakala, PRX 2018)

Evolution of magnetizations in configuration space (2d projection)

3
<latexit sha1_base64="22Lp6QEzRtzCxgD8ojNS/UKaCak=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQU9S8OKxiq2FNpTNdtIu3WzC7kYopf/AiwdFvPqPvPlv3LQ5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvsn8xydUmsfywUwS9CM6lDzkjBor3ddL/XLFrbpzkFXi5aQCOZr98ldvELM0QmmYoFp3PTcx/pQqw5nAWamXakwoG9Mhdi2VNELtT+eXzsiZVQYkjJUtachc/T0xpZHWkyiwnRE1I73sZeJ/Xjc14ZU/5TJJDUq2WBSmgpiYZG+TAVfIjJhYQpni9lbCRlRRZmw4WQje8surpF2revVq7e6i0rjO4yjCCZzCOXhwCQ24hSa0gEEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH7H+jMs=</latexit>

6
<latexit sha1_base64="wNpfpnlT+3nfDlhlQjhLAYni3lc=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9SQFLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzThBP6IDyUPOqLHSw2WxVyq7FXcGsky8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFLupxoSyER1gx1JJI9R+Nrt0Qk6t0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/2MyyQ1KNl8UZgKYmIyfZv0uUJmxNgSyhS3txI2pIoyY8OZhuAtvrxMmtWKd16p3l+Uazd5HAU4hhM4Aw+uoAZ3UIcGMAjhGV7hzRk5L8678zFvXXHymSP4A+fzB7aNjM4=</latexit>7

<latexit sha1_base64="J+9Dlf565PR3dATakh19BV0qep0=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV6kkKXjxWsR/QhrLZbtqlm03YnQil9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvs389hPXRsTqEScJ9yM6VCIUjKKVHmrFfqnsVtw5yCrxclKGHI1+6as3iFkacYVMUmO6npugP6UaBZN8VuylhieUjemQdy1VNOLGn84vnZFzqwxIGGtbCslc/T0xpZExkyiwnRHFkVn2MvE/r5tieO1PhUpS5IotFoWpJBiT7G0yEJozlBNLKNPC3krYiGrK0IaTheAtv7xKWtWKd1mp3l+V6zd5HAU4hTO4AA9qUIc7aEATGITwDK/w5oydF+fd+Vi0rjn5zAn8gfP5A7gSjM8=</latexit>
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! E.g. compressed sensing (CS)! Reconstruction problems

Beyond training: Application for reconstruction

x y
signal observation

sparse signal

few observations

channel
p(y|x)

<latexit sha1_base64="qqDKz5tLVhXaGOp4BxIg11V/HAc=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCHVTkirosuDGZQV7gbaUyXTSDp1cmJmIIcaNr+LGhSJufQt3vo2TNoK2/jDw8Z9zmHN+J+RMKsv6MgpLyyura8X10sbm1vaOubvXkkEkCG2SgAei42BJOfNpUzHFaScUFHsOp21ncpnV27dUSBb4NyoOad/DI5+5jGClrYF5EFZ6HlZjx03i9P4H79KTgVm2qtZUaBHsHMqQqzEwP3vDgEQe9RXhWMqubYWqn2ChGOE0LfUiSUNMJnhEuxp97FHZT6YXpOhYO0PkBkI/X6Gp+3siwZ6UsefozmxFOV/LzP9q3Ui5F/2E+WGkqE9mH7kRRypAWRxoyAQliscaMBFM74rIGAtMlA6tpEOw509ehFatap9Wa9dn5bqVx1GEQziCCthwDnW4ggY0gcADPMELvBqPxrPxZrzPWgtGPrMPf2R8fAMk8ZdH</latexit>

?
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K << N
<latexit sha1_base64="pocMzT1rZltdwWiQQrektNuSMnI=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXw8x0aCt0UXAjCFLBPqAdSibNtLGZZEgyQin9BzcuFHHr/7jzb8y0FVT0wIXDOfdy7z1hwqjSjvNhrayurW9s5rby2zu7e/uFg8OWEqnEpIkFE7ITIkUY5aSpqWakk0iC4pCRdji+yPz2PZGKCn6rJwkJYjTkNKIYaSO1rmCtBq/7haJjn1fLnl+Gju04FddzM+JV/JIPXaNkKIIlGv3Ce28gcBoTrjFDSnVdJ9HBFElNMSOzfC9VJEF4jIakayhHMVHBdH7tDJ4aZQAjIU1xDefq94kpipWaxKHpjJEeqd9eJv7ldVMdVYMp5UmqCceLRVHKoBYwex0OqCRYs4khCEtqboV4hCTC2gSUNyF8fQr/Jy3Pdku2d+MX694yjhw4BifgDLigAurgEjRAE2BwBx7AE3i2hPVovVivi9YVazlzBH7AevsER6KOPQ==</latexit>

M << N
<latexit sha1_base64="p3zwW7ZhPNnanMg8KAqBoH10NxM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXw8x0aCt0UXDjRqlgH9AOJZNm2thMMiQZoZT+gxsXirj1f9z5N2baCip64MLhnHu5954wYVRpx/mwVlbX1jc2c1v57Z3dvf3CwWFLiVRi0sSCCdkJkSKMctLUVDPSSSRBcchIOxxfZH77nkhFBb/Vk4QEMRpyGlGMtJFaV7BWg9f9QtGxz6tlzy9Dx3aciuu5GfEqfsmHrlEyFMESjX7hvTcQOI0J15ghpbquk+hgiqSmmJFZvpcqkiA8RkPSNZSjmKhgOr92Bk+NMoCRkKa4hnP1+8QUxUpN4tB0xkiP1G8vE//yuqmOqsGU8iTVhOPFoihlUAuYvQ4HVBKs2cQQhCU1t0I8QhJhbQLKmxC+PoX/k5ZnuyXbu/GLdW8ZRw4cgxNwBlxQAXVwCRqgCTC4Aw/gCTxbwnq0XqzXReuKtZw5Aj9gvX0CSrSOPw==</latexit>

y = F x+ ⇠
<latexit sha1_base64="J/wYjHuHZp46SrEBiSORDJX+An0=">AAACXXicjVFdS8MwFE2r061Orfrggy/BIQiO0s6JvggDQXyc4D5gLSPN0i0s/SBJZaP0T/qmL/4Vs26Cbj54IHA4557k3hs/YVRI237X9K3t0s5uuWLsVfcPDs2j466IU45JB8cs5n0fCcJoRDqSSkb6CSco9Bnp+dOHhd97JVzQOHqR84R4IRpHNKAYSSUNTemGSE78IJvn8B5mbnHjgI99L7Otxo2tUN8g+WMO3Tr8js5yePXvqDuj+dCs2ZZdAG4SZ0VqYIX20HxzRzFOQxJJzJAQA8dOpJchLilmJDfcVJAE4Skak4GiEQqJ8LKioRxeKGUEg5irE0lYqD8TGQqFmIe+qlwMJNa9hfiXN0hlcOdlNEpSSSK8fChIGZQxXKwajignWLK5IghzqnqFeII4wlJ9iKGW4KyPvEm6Dcu5thrPzVqruVpHGZyBc3AJHHALWuAJtEEHYPChAa2iGdqnXtKr+sGyVNdWmRPwC/rpF357rGo=</latexit>

AMP algorithm
≈ TAP for CS

Æ
=

0.
02

5

non-i.i.d. BRBM GRBM

Æ
=

0.
05

0
Æ

=
0.

07
5

Æ
=

0.
10

0
Æ

=
0.

12
5

100
<latexit sha1_base64="U7NivmglaBOVxegVuZW4ILBW+pM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWevBct1+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmnVqt5ltXZ/Valf5HEU4QRO4Rw8uIY63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wdROI0X</latexit>

80
<latexit sha1_base64="PkV7sSMYm6mU7uQX7oS/heLp4WM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4kJJUwR4LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlh5rbL5XdijsHWSVeTsqQo9EvffUGMUsjlIYJqnXXcxPjZ1QZzgROi71UY0LZmA6xa6mkEWo/m186JedWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSENT/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HCKNgRv+eVV0qpWvKtK9f66XL/M4yjAKZzBBXhwA3W4gwY0gUEIz/AKb87YeXHenY9F65qTz5zAHzifP+3FjOQ=</latexit>

60
<latexit sha1_base64="v+ba/nIpKp0f3AWXH8/AAcJ7YgE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4kJJUUY8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzThBP6IDyUPOqLHSw5XbK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m106IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEN37GZZIalGy+KEwFMTGZvk36XCEzYmwJZYrbWwkbUkWZseEUbQje4svLpFmteBeV6v1luXaex1GAYziBM/DgGmpwB3VoAIMQnuEV3pyR8+K8Ox/z1hUnnzmCP3A+fwDqu4zi</latexit>

40
<latexit sha1_base64="jm+RfK8eXzS3hMIqdOEvYcs2Mjw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4kJLUgh4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPdTcfqnsVtw5yCrxclKGHI1+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NLp+TcKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOEUbQje8surpFWteFeV6n2tXL/M4yjAKZzBBXhwDXW4gwY0gUEIz/AKb87YeXHenY9F65qTz5zAHzifP+exjOA=</latexit>

20
<latexit sha1_base64="+/ClaDHa8FXwtt1NLFMWvnizvIE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosePFY0X5AG8pmu2mXbjZhdyKU0p/gxYMiXv1F3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJv57SeujYjVI04S7kd0qEQoGEUrPdTcUr9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0J9SjYJJPiv1UsMTysZ0yLuWKhpx40/np87ImVUGJIy1LYVkrv6emNLImEkU2M6I4sgse5n4n9dNMbzxp0IlKXLFFovCVBKMSfY3GQjNGcqJJZRpYW8lbEQ1ZWjTyULwll9eJa1a1bus1u6vKvWLPI4inMApnIMH11CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAZJozy</latexit>

M
<latexit sha1_base64="wwl0ljFjIvFymgvBmrze49O9UuI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4kJJUQY8FL16EKvYD2lA22027dLMJuxOhhP4DLx4U8eo/8ua/cdvmoK0PBh7vzTAzL0ikMOi6387K6tr6xmZhq7i9s7u3Xzo4bJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRjdTv/XEtRGxesRxwv2IDpQIBaNopYe7Yq9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZpRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/9TKgkRa7YfFGYSoIxmb5N+kJzhnJsCWVa2FsJG1JNGdpwpiF4iy8vk2a14l1UqveX5dp5HkcBjuEEzsCDK6jBLdShAQxCeIZXeHNGzovz7nzMW1ecfOYI/sD5/AHUFozT</latexit>

N = 784 pixels
<latexit sha1_base64="2DHFJMynFkglt+r9Bmyz51tSQGk=">AAAB/3icbVBNS0JBFJ3Xp9mXFbRpMyRBi5D3TNBNILRpFQb5ASoyb7zq4LwPZu4L5eWiv9KmRRFt+xvt+jeN+halHbhwOOde7r3HDaXQaNvf1srq2vrGZmorvb2zu7efOTis6SBSHKo8kIFquEyDFD5UUaCERqiAea6Euju8nvr1B1BaBP49jkNoe6zvi57gDI3UyRzf0itaLBVoC2GEMQ3FCKSedDJZO2fPQJeJk5AsSVDpZL5a3YBHHvjIJdO66dghtmOmUHAJk3Qr0hAyPmR9aBrqMw90O57dP6FnRunSXqBM+Uhn6u+JmHlajz3XdHoMB3rRm4r/ec0Ie6V2LPwwQvD5fFEvkhQDOg2DdoUCjnJsCONKmFspHzDFOJrI0iYEZ/HlZVLL55zLXP6ukC1fJHGkyAk5JefEIUVSJjekQqqEk0fyTF7Jm/VkvVjv1se8dcVKZo7IH1ifPxTWlNE=</latexit>

+ 
RBM TAP equations

(D.L. Donoho et aL 2009, E. Tramel et al. JSTAT 2016, E. Tramel, A. Manoel, F Caltagirone, M.G., & F. Krzakala ITW 2016)

RBM learned representations
improve drastically reconstruction 

RN
<latexit sha1_base64="x2J4G5TIQtaH18pXkwF/1l1YQno=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgKiRpaOuu4MaVVLGt0MQymU7boZMHMxOhhP6GGxeKuPVn3Pk3TtoKKnpg4HDOvdwzJ0g4k8qyPozCyura+kZxs7S1vbO7V94/6Mg4FYS2ScxjcRtgSTmLaFsxxeltIigOA067weQ897v3VEgWRzdqmlA/xKOIDRnBSkueF2I1DoLsenZ32S9XLPOsUXPcGrJMy6rbjp0Tp+5WXWRrJUcFlmj1y+/eICZpSCNFOJayZ1uJ8jMsFCOczkpeKmmCyQSPaE/TCIdU+tk88wydaGWAhrHQL1Jorn7fyHAo5TQM9GSeUf72cvEvr5eqYcPPWJSkikZkcWiYcqRilBeABkxQovhUE0wE01kRGWOBidI1lXQJXz9F/5OOY9pV07lyK01nWUcRjuAYTsGGOjThAlrQBgIJPMATPBup8Wi8GK+L0YKx3DmEHzDePgFxLpHo</latexit>

train RBM

x t
<latexit sha1_base64="RPztTlUxxxXTh1f02zpTPgck27U=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiRV0GXBjcsK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSfxBRnARhhvPKsFpz6+4CZJ14BalBgdaw+jUYxSyNuEImqTF9z03Qz6hGwSSfVwap4QllUzrmfUsVjbjxs0XkObmwyoiEsbZPIVmovzcyGhkziwI7mUc0q14u/uf1Uwxv/UyoJEWu2PKjMJUEY5LfT0ZCc4ZyZgllWtishE2opgxtS3kJ3urJ66TTqHtX9cbDda3ZKOoowxmcwyV4cANNuIcWtIFBDM/wCm8OOi/Ou/OxHC05xc4p/IHz+QMsCpEg</latexit>

! Exploit prior information

typical signals

expected sparsity

K = 150
<latexit sha1_base64="JarXVL4bXyhqsBYia+DBhxWemZY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KklV9CIUvAheKtgPaEPZbDft0s0m7E6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMvCCRwqDrfjsrq2vrG5uFreL2zu7efungsGniVDPeYLGMdTughkuheAMFSt5ONKdRIHkrGN1O/dYT10bE6hHHCfcjOlAiFIyilVr35IZ4l26vVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2bkTcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugyv/UyoJEWu2HxRmEqCMZn+TvpCc4ZybAllWthbCRtSTRnahIo2BG/x5WXSrFa880r14aJcq+ZxFOAYTuAMPLiCGtxBHRrAYATP8ApvTuK8OO/Ox7x1xclnjuAPnM8fIT+OEg==</latexit>
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